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Abstract
We discuss the properties of hadronic systems containing one heavy quark
in the heavy quark limit. The heavy quark symmetry guarantees the mass
degeneracy of the states with total spin and parity (j − 1/2)P and (j +
1/2)P with j ≥ 1/2, because the heavy-quark spin is decoupled from the
total spin j of the light components called brown muck. We apply this
idea to heavy multi-hadron systems, and formulate the general framework
to analyze their properties. We demonstrate explicitly the spin degeneracy
and the decomposition of the wave functions in exotic heavy hadron systems
generated by the one boson exchange potential. The masses of the brown
muck can be extracted from theoretical and experimental hadron spectra,
leading to the color non-singlet spectroscopy.
Keywords: heavy quark symmetry, heavy quark effective theory, heavy
meson effective theory, exotic hadrons
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1. Introduction
The study of the exotic hadrons provides us with unique opportunities
to explore fundamental properties of the low energy QCD, such as color
confinement, the chiral symmetry breaking, etc. Recently, in the heavy flavor
(charm and bottom) sectors, experimental evidences for new candidates of
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exotic hadrons, such as X, Y, Z, have been reported, and these states are
extensively investigated in theoretical works [1, 2]. Although there have
been many theoretical studies based on various pictures such as multiquarks,
hybrids of quarks and gluons, multi-hadrons, and so on, we have not yet
understood the essential features of exotic heavy hadrons. In the present
article, we approach the structure of the hadronic molecules with a heavy
quark from a point of view of the heavy quark symmetry (HQS) [3, 4, 5, 6,
7, 8, 9], namely the symmetry of the heavy-quark spin, as the fundamental
property of heavy hadrons.
In general, for hadrons with a single heavy quark, the HQS leads to the
mass degeneracy of two states with different total spin in the heavy quark
limit. This is because the spin of the heavy quark is decoupled from the
total spin of the other components made of light quarks and gluons. The
latter component is called the brown muck, which is everything but the
heavy quark. It is important to note that the brown muck has the conserved
total spin j, although the brown muck is a non-perturbative object which
is dressed by many quarks and gluons like qn + qnqq¯ + qng + . . . with a net
quark number n. For j 6= 0, the spin degeneracy in the heavy hadrons is
realized by the pair states with the total angular momenta, J = j − 1/2 and
j + 1/2. We call those two states the “HQS doublet.” For j = 0, there is
only one state with J = 1/2. We call this state the “HQS singlet.”
The HQS is seen in the mass spectrum of the charm and bottom hadrons.
For example, the mass splitting between D¯ (J = 0) and D¯∗ (J = 1) mesons
is 140 MeV, and that between B and B∗ meson is 45 MeV [10]. Those mass
splittings are smaller than ones between π and ρ (∼ 600 MeV) and that
between K and K∗ (∼ 400 MeV). Therefore, D¯ and D¯∗ (B and B∗) mesons
are approximately regarded as the HQS doublet states. In those cases, the
brown muck is a light quark q, which is dressed by quark-antiquark pairs and
gluons, with spin and parity 1/2+ in total.
Similar mass degeneracy of HQS doublets is also seen in the baryonic
sector. The mass splitting between Σc (J = 1/2) and Σ
∗
c (J = 3/2) (Σb and
Σ∗b) baryons is 65 MeV (20 MeV), which is smaller than 192 MeV between
Σ and Σ∗. Λc and Λb with J = 1/2 in the ground state are regarded as the
HQS singlet states, because there is no nearby J = 3/2 partner. Recently,
two excited bottom baryons Λ∗b have been observed at LHCb [18]. Although
the quantum numbers are not settled yet, assigning 1/2− (3/2−) for the
state with the lower (higher) mass, we see that the mass splitting between
Λ∗c(1/2
−) and Λ∗c(3/2
−) is 33 MeV and that between Λ∗b(1/2
−) and Λ∗b(3/2
−)
2
is only 8 MeV. Those mass splittings can be compared with 115 MeV between
Λ∗(1/2−) and Λ∗(3/2−).
The brown muck in a heavy baryon with one heavy quark and two light
quarks has the same quantum number as a pair of two quarks qq. The
cluster of two quarks is called diquark in the constituent picture of the quark
model. Because two quarks can have many possible quantum numbers, such
as isospin, total angular momentum and parity I(JP ), we can investigate a
variety of properties of diquarks in the heavy baryons. The diquark in Λc
(Λb) has I(J
P ) = 0(0+). The diquark in Σc (J = 1/2) and Σ
∗
c (J = 3/2) (Σb
and Σ∗b) has 1(1
+). The diquark in Λ∗c(1/2
−) and Λ∗c(3/2
−) (Λ∗b(1/2
−) and
Λ∗b(3/2
−)) has 0(1−). The analysis of the brown muck in heavy hadrons will
also be useful to understand the role of diquarks, not only in the confinement
phase, but also in the deconfinement phase, e.g. the quark-gluon plasma
[11, 12, 13, 14] and the color superconductivity [15, 16]. The HQS has been
also successfully applied to several excited hadrons with charm and bottom
flavors [17]. It is also relevant to understand the properties of exotic hadrons
with hidden charm or bottom quarks [19, 20, 21, 22].
We have pointed out in Ref. [23] that the HQS is seen also in multi-hadron
systems with a heavy quark. Let us consider a hadronic molecule (or hadron
composite), where a heavy hadron is surrounded by light hadrons to form
bound and/or scattering states including resonances. When the HQS holds,
we can use spin degrees of freedom to classify states; the total spin of the
hadronic molecule is decomposed into the heavy-quark spin and the total spin
of the brown muck [23]. The latter has three contributions, namely, a sum
of (i) the spins of the light quarks and gluons in the heavy hadron, (ii) the
spins of the light hadrons surrounding the heavy hadron and (iii) the relative
angular momenta between the heavy hadron and the light hadrons. This
particular form of the brown muck is called the light spin-complex (or spin-
complex in short), because it is a composite object of light quarks, gluons
and light hadrons having the total spin as a conserved quantum number. It
is important to note that the quark-gluon degrees of freedom (i) coexist with
the hadronic degrees of freedom (ii) and (iii).
Let us show examples for the spin-complex. First we consider a P¯ (∗)N
bound state composed of a heavy meson P¯ (∗) ∼ (Q¯q)spin 0(1) and a nucleon
N , where Q¯ is a heavy antiquark and q is a light component in P¯ (∗) [23].
Note that q is not simply a single light quark but rather a composite of light
quarks and gluons with appropriate quantum numbers in total. Then, the
spin-complex for the P¯ (∗)N is denoted by [Nq], which is a composite object
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of the light component q, the nucleon N and the relative angular momentum
between P¯ (∗) and N . The P¯ (∗) molecule has also been considered for the
dibaryons of P¯ (∗)NN , where the spin-complex is identified with [NNq] [24].
Yet, another example is the P¯ (∗) meson embedded in nuclear matter [23].
The spin-complex there is identified with a sum of q in P¯ (∗) and many pairs
of the particle (nucleon) N and the hole N−1 generated around the Fermi
surface.
The spin-complex provides a new picture for a certain class of brown
muck, which is useful in particular for the analysis of hadronic molecules. It
is regarded as a colored effective degree of freedom inside hadrons, just as the
constituent quarks and diquarks are. It should be noted, however, that there
is a subtle issue for a criterion about how to separate the spin-complex from
other components of the brown muck. The problem is essentially the same
with the difficulty to define the structure of hadrons, such as compact multi-
quarks and/or extended hadronic molecules, in a model-independent manner
[25]. Therefore, the spin-complex is unambiguously defined only when the
model space is specified. Nevertheless, in this paper, we will show that the
spin-complex is a powerful tool to classify the structure of hadrons.
Before closing the introduction, we mention the mass spectrum of the
brown muck as the color non-singlet objects [26, 27]. The brown muck is a
colored object being (anti-)fundamental representation of the color symme-
try. Nevertheless, it is a well-defined object characterized by its spin-parity
and light flavor quantum numbers in the heavy quark limit. We expect that
the brown muck exhibits a rich pattern in mass spectrum, because of its
internal structure. For example, the brown muck in the excited hadrons is
heavier than that in the ground state hadrons. The mass of the brown muck
can be defined in the heavy quark limit with the help of the hadron mass
formula in the heavy quark effective theory. In this paper, we will show that
the mass of the brown muck can be extracted from the HQS multiplets both
in the charm and bottom sectors. Thus, with the heavy hadron spectrum,
we can perform the spectroscopy of the color non-singlet object. The study
of spin-complexes will be useful to interpret the spectrum of the brown muck
in hadronic molecules with a heavy hadron.
The article is organized as follows. In Section 2, we briefly review the HQS
and introduce the idea of the spin-complex, and give a general discussion for
the wave function of the brown muck. In Section 3, we show that the spin-
complex can be used to classify the structure of hadrons, with the example of
the exotic baryons with a heavy antiquark in a potential model. The present
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discussion includes the part of the results in our previous work in Ref. [23].
In Section 4, we discuss the mass spectrum of the brown muck extracted
from the experimental data as well as from the predictions in a quark model.
Summary and perspectives are given in the last section.
2. General properties of hadrons with a heavy quark
In this section, we introduce the spin-complex as a convenient tool to
express the brown muck, starting from the HQS in QCD. We show that a
heavy hadron with the total spin J ≥ 1/2 may have two components with
different spin-complex of spin j = J ± 1/2. They can be mixed for a finite
heavy quark mass, but are decoupled in the heavy quark limit. The spin-
complex basis is then related to the particle basis, from which the wave
functions of the pair states in the HQS doublet are analyzed in terms of the
hadronic degrees of freedom. Explicit examples of these components will be
given for the P¯ (∗)N system in Section 3.
The HQS leads to the systematic expansion of the hadron mass in the
inverse powers of the heavy quark mass. This expansion enables us to define
the mass of the brown muck, and hence that of the spin-complex, in the heavy
quark limit. We present the basic formula which will be used, in Section 4,
to extract the spectrum of the brown muck from the experimental data and
theoretical predictions with a finite heavy quark mass.
2.1. Heavy quark symmetry in QCD
We consider that the heavy quark mass mQ is much larger than a typical
energy scale of low energy QCD. In this case, an effective field theory with
the 1/mQ expansion is useful to study the hadrons containing a single heavy
quark [8, 9]. To this end, let us start our discussion first with the heavy
quark Lagrangian;
LHQ = Q¯(iD/ −mQ)Q, (1)
where Q is the heavy quark field, the covariant derivative is defined by Dµ =
∂µ + igsA
a
µt
a with the gluon field Aaµ, the gauge coupling gs, and t
a = λa/2
with the Gell-Mann matrices λa (a = 1, · · · , 8). The term from light quark
and gluon sectors is not relevant in the current discussion. Denoting the
four-velocity of the heavy quark as vµ (v2 = 1), we decompose the heavy
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quark field into the positive energy component Qv(x) and the negative energy
component Qv(x) as
Q(x) = e−imQv·x (Qv(x) +Qv(x)) , (2)
by the projections
Qv(x) = e
imQv·x1 + v/
2
Q(x), Qv(x) = eimQv·x1− v/
2
Q(x). (3)
Here we remove the momentum mQv
µ in the original field Q(x) and leave
only the residual momenta. We multiply the projection operators (1±v/)/2 to
select the positive (negative) energy component. In the following discussion,
we abbreviate the coordinate “x” in the field. By eliminating Qv, we obtain
the effective Lagrangian for Qv,
LHQET = Q¯vv ·iDQv + Q¯v (iD⊥)
2
2mQ
Qv − c(µ)gsQ¯v σµνG
µν
4mQ
Qv +O(1/m2Q), (4)
with Dµ⊥ = D
µ−vµ v·D, Gµν = [Dµ, Dν ]/igs, and σµν = i[γµ, γν ]/2. Here c(µ)
is the Wilson coefficient for the matching with QCD at the energy scale µ.
This is the effective Lagrangian in the heavy quark effective theory (HQET)
[3, 4, 5, 6, 7, 8, 9]. In the heavy quark mass limit mQ → ∞, only the
first term of Eq. (4) remains and the spin-flip terms involved in σµνG
µν are
suppressed by 1/mQ. This indicates that the spin of the heavy quark is a
conserved quantity, which is known as the HQS. We will see that the 1/mQ
expansion and the HQS are essential also for heavy hadrons.
2.2. Spin-complex
We now consider the consequences of the HQS in hadronic systems. We
are interested in hadrons either with a single heavy quark (Q) or with a single
heavy antiquark (Q¯), and with arbitrary baryon number B. In QCD, such
state may be expressed by a superposition of various components with light
quarks (q) and gluons (g) as
|HQ 〉 = | qnQ 〉 ⊕ | qnqq¯Q 〉 ⊕ | qngQ 〉 ⊕ . . . , (5)∣∣HQ¯ 〉 = ∣∣ qmQ¯ 〉⊕ ∣∣ qmqq¯Q¯ 〉⊕ ∣∣ qmgQ¯ 〉⊕ . . . , (6)
where n = 3B − 1 and m = 3B + 1 (negative n represents the number of
antiquarks, q−n ≡ q¯ n). We then decompose the total spin of this hadron ~J
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into the spin ~S of the heavy (anti-)quark and the spin ~j of the rest which
contains only light degrees of freedom;
~J = ~S +~j. (7)
As shown in the previous subsection, the heavy-quark spin ~S is conserved in
the heavy quark limit. Since the total ~J is conserved, the total spin ~j of the
light system is also conserved in the heavy quark limit.
For a single hadron system |H 〉, the object which carries the total spin ~j
is called “brown muck”, which is everything but the heavy quark [8]. In the
present discussion, we introduce a notation
[α]f,jP = q
n + qnqq¯ + qng + . . . , (8)
to express the state of the brown muck α with total n quarks, whose quantum
numbers are given by the structure of light flavor f and the total spin-parity
jP . For example, when the light flavor SU(Nf) symmetry is a good symmetry,
f denotes the representation of the SU(Nf) symmetry. In Eq. (8), the weight
of each component depends on α. We note that, as indicated in Eqs. (5) and
(6), the brown muck is a highly non-perturbative object made of light quarks
and gluons.
The brown muck belongs to the color (anti-)triplet, so the strong inter-
action is at work between the heavy (anti-)quark and the brown muck. Nev-
ertheless, the total spin ~j of the brown muck is well defined through Eq. (7)
and conserved in the heavy quark limit. In other words, all the interactions
which flip ~j (and hence flip the spin of the heavy quark ~S) are suppressed
in the heavy quark limit, while the interaction which does not flip the spin,
such as color electric force, is still active. In this way, the conservation of ~j
of the brown muck is realized. In addition, the light-flavor quantum num-
bers (isospin and strangeness) of the brown muck are identical to those of
the heavy hadron, because the heavy quark does not carry them. Thus, the
brown muck is a well-defined object in the heavy quark limit, characterized
by its spin-parity and light flavors. We emphasize that this viewpoint is use-
ful, not only for theoretical researches, but also for experimental researches
in realistic situations with finite heavy quark mass, as we will discuss later.
For normal hadrons like Q¯q mesons and Qqq baryons, the brown mucks
are composed of quarks and gluons. However, this situation may change
for exotic hadrons. It has been pointed out that, in the heavy sector, there
can be hadronic states as ensembles of multiple color singlet objects. For
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instance, hadronic molecules which are loosely bound systems of hadrons
can be generated by inter-hadron forces, even in the exotic sector [21, 22,
28, 29, 30, 31]. In addition, there are investigations on nuclei with heavy
hadrons [32, 33, 34] which consists of a heavy hadron and several nucleons.
In these cases, “everything but the heavy quark” is not simply made of quarks
and gluons, but a mixture of quark-gluon components and hadronic degrees
of freedom. In Ref. [23], we proposed to call it “light spin-complex” (or
“spin-complex” in short) to express the composite system of quarks, gluons
and hadrons. Before discussing the structure of the spin-complex, however,
we will first discuss the general property of the brown muck in the next
subsection.
2.3. Brown-muck component basis
Let us describe a heavy hadron of spin-parity JP in terms of a heavy
(anti-)quark Q (Q¯) and a brown muck [α]f,jP as∣∣ [α]f,jPQ 〉JP , ∣∣ [α]f,jPQ¯ 〉JP . (9)
The contents of [α]f,jP was given in Eq. (8). For instance, the brown muck of
the ground state Λc with J
P = 1/2+ may contain the scalar diquark [ud]I=0,0+
which represents the system of u and d quarks combined into spin zero. Also,
the brown muck of a D¯N bound state with I = 0 can have the spin-complex
[Nq]
(1,S)
I=0,0+ which stands for the system made of a nucleon N and q, with total
spin combined into triplet and relative angular momentum being S-wave as
denoted by (1, S) in the superscript.
In general, several different components [α] can contribute to each brown
muck, because f and jP are the only well-defined quantum numbers. For
practical analysis the brown muck can be expanded by a suitable basis, for
instance, by the diquark basis for heavy baryons and by the spin-complex
basis for hadronic molecules. We introduce a term “brown-muck component
(BMC)” to indicate the component concretely given by particular objects like
diquarks and/or spin-complexes. Various examples are displayed in Section 3
and also in Appendix B.
Note that the brown muck is not necessarily a compact cluster. The con-
cept of the brown muck rather includes also extended objects like in hadronic
molecules. It should be noted that the “relative angular momentum” between
the heavy quark and the brown muck is included in the total spin j. The
parity of the spin-complex is therefore uniquely determined as P = P for
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heavy quark Q and P = −P for heavy antiquark Q¯. In the following, when
f and P are not relevant to the discussion, we sometimes omit f and P for
simplicity.
Now we discuss wave functions more in detail. As a simple case, we first
consider the case of a single BMC. A heavy hadron |H 〉J with spin J ≥ 1/2
can have in general two components [α]J−1/2Q and [β]J+1/2Q containing the
brown muck α and β with total spin j = J ∓ 1/2, respectively, as
|H 〉J =
(
Cα
∣∣ [α]J−1/2Q 〉J
Cβ
∣∣ [β]J+1/2Q 〉J
)
, (10)
with coefficients Cα and Cβ which satisfy the normalization condition |Cα|2+
|Cβ|2 = 1. We suppress the irrelevant parity and flavor indices. Let us
consider the heavy quark limit. In this case, j = J ∓ 1/2 is a good quantum
number as shown in the previous subsection, so the two components in H
should be realized as independent degrees of freedom:
| J − 1/2 〉J =
(∣∣ [α]J−1/2Q 〉J
0
)
, (11)
| J + 1/2 〉J =
(
0∣∣ [β]J+1/2Q 〉J
)
, (12)
where we introduce new notations | J ∓ 1/2 〉J to indicate the state containing
the brown muck with the total spin J ∓ 1/2 (this should not be confused
with the symbol H in Eq. (10)). The transition from | J − 1/2 〉J sector to
| J + 1/2 〉J sector is suppressed by 1/mQ and the Hamiltonian of this system
is diagonalized by the two basis states (11) and (12) in the heavy quark limit.
The separation of two independent states for J ≥ 1/2 is the first consequence
of the HQS.
Next we consider the other heavy hadron with spin J + 1. Following
the same discussion above,| J + 1/2 〉J+1 and | J + 3/2 〉J+1 are separated
in the heavy quark limit, and we can diagonalize the Hamiltonian. The
| J + 1/2 〉J+1 and | J + 3/2 〉J+1 component are written in the brown mucks
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β and γ with total spin J + 1/2 and J + 3/2, respectively, as1
| J + 1/2 〉J+1 =
(∣∣ [β]J+1/2Q 〉J+1
0
)
, (13)
| J + 3/2 〉J+1 =
(
0∣∣ [γ]J+3/2Q 〉J+1
)
. (14)
Importantly, the brown muck [β]J+1/2 of | J + 1/2 〉J+1 is identical to that
in Eq. (12). The only difference is the direction of the heavy-quark spin.
Because the heavy-quark spin does not affect the structure of the brown
muck, we conclude that the | J + 1/2 〉J and | J + 1/2 〉J+1 states containing
the common β are degenerate in the heavy quark limit. This is the second
consequence of the HQS. In the same way, | J + 3/2 〉J+1 will be an HQS
doublet with | J + 3/2 〉J+2. We note that the brown mucks α, β and γ can
be all different in general. We remark also that, in Eq. (11), | J − 1/2 〉J
will form an HQS doublet with | J − 1/2 〉J−1 for J ≥ 1, while it does not
have a counterpart for J = 1/2. We call the latter state a HQS singlet. The
J = 0 state has only one component | 1/2 〉0 which forms a HQS doublet with
| 1/2 〉1.
In this way, the HQS indicates the existence of a series of HQS doublet
states {| J + 1/2 〉J , | J + 1/2 〉J+1}, (15)
with J ≥ 0, and an HQS singlet state
| 0 〉1/2 . (16)
In other words, a HQS doublet is formed for j ≥ 1/2, while only a HQS
singlet is for j = 0.
So far we have considered only one state [α] for BMC. Let us consider
the case with multiple number of states [α1], [α2], . . . for BMC. The heavy
hadron can be expanded by the BMC basis set given by [α1]J−1/2, [α2]J−1/2,
. . . for the brown muck αi with J − 1/2, and [β1]J−1/2, [β2]J−1/2, . . . for the
brown muck βi with J +1/2, which are coupled to the heavy-quark spin 1/2
1We consider the same model space with Eqs. (11) and (12).
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to form the total spin J . This is expressed as
|H 〉J =


Cα1
∣∣ [α1]J−1/2Q 〉J
Cα2
∣∣ [α2]J−1/2Q 〉J
...
Cβ1
∣∣ [β1]J+1/2Q 〉J
Cβ2
∣∣ [β2]J+1/2Q 〉J
...


, (17)
with coefficients Cαi and Cβi for weights of each component αi and βi under
the normalization condition
∑
i(|Cαi|2 + |Cβi|2) = 1. In the heavy quark
limit, the interaction Hamiltonian is independent of the heavy-quark spin
and hence it is block-diagonalized into J − 1/2 sector and J + 1/2 sector of
the brown muck. Therefore, we obtain two independent states as
| J − 1/2 〉J =


C¯α1
∣∣ [α1]J−1/2Q 〉J
C¯α2
∣∣ [α2]J−1/2Q 〉J
...
0
0
...


, | J + 1/2 〉J =


0
0
...
C¯β1
∣∣ [β1]J+1/2Q 〉J
C¯β2
∣∣ [β2]J+1/2Q 〉J
...


,
(18)
where C¯αi (C¯βi) represents the relative weight and
∑
i |C¯αi |2 =
∑
i |C¯βi|2 = 1.
These weight factors are not determined simply by the HQS, and depend on
the dynamics of the light quark sector. The J + 1 state in the same model
space can have a state
| J + 1/2 〉J+1 =


C¯β1
∣∣ [β1]J+1/2Q 〉J+1
C¯β2
∣∣ [β2]J+1/2Q 〉J+1
...
0
0
...


, | J + 3/2 〉J+1 =


0
0
...
C¯γ1
∣∣ [γ1]J+3/2Q 〉J+1
C¯γ2
∣∣ [γ2]J+3/2Q 〉J+1
...


,
(19)
with a similar notation. We therefore conclude that the structure of the
HQS multiplets in Eqs. (15) and (16) should hold when the brown muck is
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expanded by several components. Moreover, because the HQS doublet is
formed by the same brown muck, the coefficients C¯βi in Eq. (18) should be
the same as those in Eq. (19). This means that the wave functions of the
HQS doublet are highly correlated with each other.
It should be noted that for a given J , it is not necessary that both
| J + 1/2 〉J and | J − 1/2 〉J form a hadronic state, because they are made
of different brown muck, and it is not necessary that both of them are sta-
ble. On the other hand, if a hadron with spin J exists in the | J + 1/2 〉J
(| J − 1/2 〉J) channel, there must be a partner | J + 1/2 〉J+1 (| J − 1/2 〉J−1)
with the different total spin J+1 (J−1). The existence of the HQS doublet in
the heavy quark limit leads to an important phenomenological consequence;
if we observe a hadron with spin J , there can be a spin partner with spin
J±1 with a similar mass, except for the HQS singlet of J = 1/2. In general,
the observed hadron with spin J can be either | J + 1/2 〉J or | J − 1/2 〉J ,
but the difference of | J + 1/2 〉J and | J − 1/2 〉J is seen in the wave function.
Such difference should be reflected in the production and decay properties.
In the present discussion, the structure of the brown muck is not specified
at all, meaning that the spin degeneracy occurs in the heavy quark limit
irrespective of the structure of the brown muck. Thanks to this generality,
the discussions in this section can be applied not only to conventional hadrons
but also to exotic hadrons, multi-hadron states, and their mixtures.
2.4. Relations between brown-muck component basis and particle basis
In many discussions of hadronic composites, the wave functions are ex-
pressed by the particle basis, namely the relative wave functions between
hadrons. In this subsection we show a transformation of hadronic states
written in terms of a brown muck and a heavy quark to those of a physical
particle basis.
Let us start with an expansion of a hadron state |H 〉J in terms of a
physical particle basis. For example, a heavy baryon state with minimal
quark configuration qqQ can be expanded as
|H 〉J = | (qqQ)J 〉 ⊕
∑
S,L
∣∣ (q¯Q)sM (qqq)sB(2S+1LJ) 〉
⊕
∑
S,L
∣∣ (q¯q)sM (qqQ)sB(2S+1LJ) 〉⊕ · · ·
≡ |BQ,J 〉 ⊕
∑
S,L
∣∣MQB(2S+1LJ) 〉⊕∑
S,L
∣∣MBQ(2S+1LJ ) 〉⊕ · · · , (20)
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where the first term corresponds to the “bare” heavy baryon state with spin
J . The bare state does not include the meson-cloud effect, which is repre-
sented by the two-body channels in the second (third) term; a heavy meson
MQ and a light baryon B (a light mesonM and a heavy baryon BQ) with rel-
ative spin and angular momentum S and L. The expansion may also include
several MQB and MBQ channels, as well as many-hadron channels.
The physical hadron including all the virtual states can also be decom-
posed into the spin-complex basis (17). Then, we can relate the particle
basis (20) with the spin-complex basis by a unitary matrix U as


|BQ,J 〉∣∣MQB(2S+1LJ) 〉
...∣∣MBQ(2S+1LJ ) 〉
...

 = U


∣∣ [α1]J−1/2Q 〉J∣∣ [α2]J−1/2Q 〉J
...∣∣ [β1]J+1/2Q 〉J∣∣ [β2]J+1/2Q 〉J
...


. (21)
Each element of the matrix U can be obtained by the rearrangement of the
quark structure. Note that the transformation matrix U is determined, only
when the model space is explicitly specified. In Section 3, we will show the
examples of the basis transformations of an exotic hadron with a Q¯q heavy
meson for MQ and a nucleon N for B.
The consequences of the HQS become clear by this basis transformation.
Let us suppose that the Hamiltonian HJ of the system with total spin J is
defined in the particle basis. Using the transformation matrix U , we then
obtain the Hamiltonian in the BMC basis HBMCJ as
HBMCJ = U
−1HJU. (22)
In order to realize the separation of j± = J ± 1/2 components in Eq. (18),
the Hamiltonian in the BMC basis should be block-diagonalized in the heavy
13
quark limit
HBMCJ =


H
BMC(j−)
J,α1
. . . 0 0
...
. . . 0 0
0 0 H
BMC(j+)
J,β1
. . .
0 0
...
. . .


≡
(
H
BMC(j−)
J 0
0 H
BMC(j+)
J
)
. (23)
As we will see below, the block-diagonalization of the Hamiltonian is indeed
possible, as far as the Hamiltonian HJ is constructed in accordance with
the HQS. Note that the off-diagonal terms within each H
BMC(j±)
J are not
constrained by the HQS, and it is this term that determines the coefficients
C¯βi in the bound state wave function (18).
The relation to |H 〉J+1 is also seen in the BMC basis. The Hamiltonian
with spin J + 1 in the heavy quark limit can be block-diagonalized into
HBMCJ+1 =
(
H
BMC(j+)
J+1 0
0 H
BMC(j++)
J+1
)
, (24)
with j+ = J + 1/2 and j++ = J +3/2. The degeneracy of |H 〉J and |H 〉J+1
requires
H
BMC(j+)
J = H
BMC(j+)
J+1 . (25)
Strictly, it is sufficient for us that eigenvalues in the two Hamiltonian are the
same. To express this, we introduce ≈ as
H
BMC(j+)
J ≈ HBMC(j+)J+1 , (26)
in the sense that the eigenvalues ofH
BMC(j+)
J are as same as those ofH
BMC(j+)
J+1 .
For instance, the signs of the off-diagonal components are irrelevant for the
eigenvalues. We will see that this happens in the case of the exotic hadron
in Section 3. Thus, the diagonalization in Eqs. (23) and (24) and the coinci-
dence of the Hamiltonian in Eq. (26) are the consequence of the HQS of the
Hamiltonian in the BMC basis.
14
The particle basis is also useful to analyze the wave function of the
eigenstates. For instance, the state | J + 1/2 〉J given by the brown muck
in Eq. (18) is expressed by the particle basis as
U | J + 1/2 〉J =


DBQ |BQ,J 〉
DMQB
∣∣MQB(2S+1LJ ) 〉
...
DMBQ
∣∣MBQ(2S+1LJ) 〉
...

 , (27)
with
DX =
∑
β
UX,βC¯β. (28)
The weights |DX |2 (X = BQ, MQB, M ′QB′, . . . , MBQ, M ′B′Q, . . . ) repre-
sents the probability of finding the state |X 〉 in the eigenstate wave function.
Because the transformation matrix U is determined only by the symmetry
argument, the structure of the eigenstate is specified once the wave function
is determined in terms of the brown muck | J + 1/2 〉J .
2.5. Mass spectrum of brown muck
So far we have discussed the symmetry aspects of heavy hadrons. In the
end of this section, we discuss some dynamical aspects, and evaluate the mass
of the brown muck, which is also useful to the study of the spin-complex in
the heavy quark limit.
In order to define the mass of the brown muck, we decompose the mass of
the heavy hadron in terms of 1/mQ. Based on the effective Lagrangian (4),
we can expand the mass of the hadron H containing a heavy quark Q as [9]
MH = mQ + Λ¯− λ1
2mQ
+ 4~S ·~jλ2(µ)
2mQ
+O(1/m2Q), (29)
where we define, in the rest frame with vr = (1,~0 ),
Λ¯ =
1
2
〈Hvr|H0|Hvr〉, (30)
λ1 =
1
2
〈Hvr|Qvr(iD⊥)2Qvr|Hvr〉, (31)
8~S ·~jλ2(µ) = 1
2
c(µ)〈Hvr|QvrgsσαβGαβQvr|Hvr〉, (32)
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with denoting the hadron state by |Hvr〉. The factor 1/2 is multiplied due to
the normalization of the wave function 〈Hv′(k′)|Hv(k)〉 = 2v0δvv′(2π)3δ3(k−
k′). Here H0 is the Hamiltonian obtained from the leading (first) term in
LHQET (4) and the light degrees of freedom. In Eq. (32), ~S and ~j are the
operators for the spin of the heavy quark Q and the total spin of the brown
muck [8, 9], respectively. The dependence of µ on λ2(µ) originates from the
Wilson coefficient c(µ), because the matching with QCD is done at the energy
scale µ ≃ mQ [9]. We consider λ2(mc) and λ2(mb) for charm and bottom,
respectively.
The expansion (29) is useful to analyze the QCD properties in heavy
hadrons. In fact, Λ¯, λ1 and λ2(mQ) are concerned with the scale anomaly
in QCD [35, 36], the chromoelectric gluons [37] (see also [36]) and the chro-
momagnetic gluons, respectively. There are discussions to utilize the heavy
hadrons to probe the gluon dynamics in the (multi-)hadron systems and
nuclear systems with a heavy hadron [38].
Now we consider the heavy quark limit where the mass of the hadron H is
given by mQ+Λ¯. We notice that there is no spin dependence, as required by
the HQS. In addition, we have defined the brown muck as everything except
for the heavy quark, and the mixing with other j components vanishes in the
heavy quark limit. Thus, we shall identify Λ¯ as the mass of the brown muck.
We will discuss the way to extract Λ¯ from the experimental spectrum as well
as from the prediction of theoretical models of heavy hadrons in Section 4.
3. Multi-hadrons with a heavy antiquark
For the formalism given in the previous section, we will give concrete ex-
amples of spin-complex. We consider exotic baryons with a heavy antiquark
with the minimal quark configuration Q¯qqqq, and discuss the two-body states
whose model space is supplied by a heavy meson and a nucleon. This state is
exotic, because it cannot be reduced to the normal baryons with three quarks
as a minimal valence component. In Section 3.1, we will analytically decom-
pose the meson-baryon basis into the spin-complex basis, and show that the
HQS doublets/singlets appear. In Section 3.2, we will discuss results by
the one-pion exchange potential from the heavy meson effective theory in
analytical and numerical calculations, including the 1/mQ corrections.
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3.1. Wave function of spin-complex
We discuss the spin structures of exotic baryons with Q¯qqqq. In the
current discussion, we assume that there exist exotic baryons which are com-
posed of a heavy meson P¯ ∼ (Q¯q)spin 0 or P¯ ∗ ∼ (Q¯q)spin 1 and a nucleon N .
Here P¯ (∗) stands for P¯ or P¯ ∗.2 Since the P¯ and P¯ ∗ belongs to the same HQS
doublet, we consider the coupled-channel problem of P¯N and P¯ ∗N and de-
note their superposition as P¯ (∗)N . We do not include three- or many-hadron
channels, higher energy excited channels, and possible compact five-quark
states. The exotic baryon is then considered to have a hadronic molecule
structure, and the corresponding brown muck is identified as a spin-complex
of a quark q and a nucleon N .
The P¯ (∗)N states are classified by the quantum numbers: total spin J ,
parity P and isospin I = 0, 1. The relevant channels for given quantum
numbers JP up to J = 7/2 are summarized in Table 1. As emphasized in
Refs. [28, 29, 30], the state mixing between P¯N and P¯ ∗N is important due
to the mass degeneracy of P¯N and P¯ ∗N in heavy quark limit. Moreover,
the states with angular momenta L and L ± 2 can be also mixed by the
tensor force. In what follows, we discuss the transformation of the particle
basis to the spin-complex basis (the BMC basis spanned exclusively by the
spin-complex channels). The isospin indices will be suppressed, which does
not affect the basis transformation.
3.1.1. Negative parity channels
Let us discuss negative parity states; JP = 1/2−, 3/2−, 5/2− and 7/2−.
First we demonstrate concretely the transformation of the basis for 1/2−.
From Table 1, the channels for 1/2− in the particle basis are
P¯N(2S1/2), P¯
∗N(2S1/2), P¯
∗N(4D1/2). (33)
In view of the HQS, the wave function is decomposed into the product of
a heavy antiquark Q¯ and a spin-complex which is composed of the light
quarks and gluons in P¯ ∗ and the nucleon N . We denote the spin-complex
[α] by [Nq], where q stands for the light components in the P¯ (∗) meson with
spin 1/2. In order to specify the structure and the quantum numbers of the
2Note that this notation is different from our previous paper [23], where P (∗) was used
to mean Q¯q.
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Table 1: Relevant coupled channels of P¯ (∗)N systems for a given quantum number JP .
JP channels
1/2− P¯N(2S1/2) P¯ ∗N(2S1/2) P¯ ∗N(4D1/2)
3/2− P¯N(2D3/2) P¯ ∗N(4S3/2) P¯ ∗N(4D3/2) P¯ ∗N(2D3/2)
5/2− P¯N(2D5/2) P¯ ∗N(2D5/2) P¯ ∗N(4D5/2) P¯ ∗N(4G5/2)
7/2− P¯N(2G7/2) P¯ ∗N(4D7/2) P¯ ∗N(2G7/2) P¯ ∗N(4G7/2)
1/2+ P¯N(2P1/2) P¯
∗N(2P1/2) P¯ ∗N(4P1/2)
3/2+ P¯N(2P3/2) P¯
∗N(2P3/2) P¯ ∗N(4P3/2) P¯ ∗N(4F3/2)
5/2+ P¯N(2F5/2) P¯
∗N(4P5/2) P¯ ∗N(2F5/2) P¯ ∗N(4F5/2)
7/2+ P¯N(2F7/2) P¯
∗N(2F7/2) P¯ ∗N(4F7/2) P¯ ∗N(4H7/2)
spin-complex, we introduce a notation for the state
[Nq]
(sl,L)
jP
, (34)
with sl being the sum of the spins of N and q, L the relative angular momen-
tum between N and q, and jP the total spin and parity of the spin-complex.
Using this notation, we describe the wave function of the P¯ (∗)N system in
the spin-complex basis as ∣∣∣ [Nq](sl,L)jP Q¯〉
JP
. (35)
The explicit wave functions of the 1/2− state in the spin-complex basis are
given as∣∣∣ [Nq](0,S)0+ Q¯〉
1/2−
,
∣∣∣ [Nq](1,S)1+ Q¯〉
1/2−
,
∣∣∣ [Nq](1,D)1+ Q¯〉
1/2−
. (36)
We find that there are two kinds of components with jP = 0+ and 1+ in the
JP = 1/2− channel. The particle basis in Eq. (33) is decomposed to spin-
complex basis in Eq. (36) by utilizing the standard spin-recoupling formula.
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We denote this transformations by a unitary matrix UJP as

∣∣ P¯N(2S1/2) 〉∣∣ P¯ ∗N(2S1/2) 〉∣∣ P¯ ∗N(4D1/2) 〉

 = U1/2−


∣∣∣ [Nq](0,S)0+ Q¯〉
1/2−∣∣∣ [Nq](1,S)1+ Q¯〉
1/2−∣∣∣ [Nq](1,D)1+ Q¯〉
1/2−

 , (37)
where the explicit form is given by
U1/2− =

 −12
√
3
2
0√
3
2
1
2
0
0 0 −1

 . (38)
For the other spin states (J = 3/2, 5/2, 7/2), the particle basis and the
spin-complex basis are related as follows,


∣∣ P¯N(2D3/2) 〉∣∣ P¯ ∗N(4S3/2) 〉∣∣ P¯ ∗N(4D3/2) 〉∣∣ P¯ ∗N(2D3/2) 〉


= U3/2−


∣∣∣ [Nq](1,S)1+ Q¯〉
3/2−∣∣∣ [Nq](1,D)1+ Q¯〉
3/2−∣∣∣ [Nq](0,D)2+ Q¯〉
3/2−∣∣∣ [Nq](1,D)2+ Q¯〉
3/2−


, (39)
with
U3/2− =


0
√
6
4
1
2
√
6
4
1 0 0 0
0 1√
2
0 − 1√
2
0 1
2
√
2
−
√
3
2
1
2
√
2

 , (40)
for 3/2−,


∣∣ P¯N(2D5/2) 〉∣∣ P¯ ∗N(2D5/2) 〉∣∣ P¯ ∗N(4D5/2) 〉∣∣ P¯ ∗N(4G5/2) 〉


= U5/2−


∣∣∣ [Nq](0,D)2+ Q¯〉
5/2−∣∣∣ [Nq](1,D)2+ Q¯〉
5/2−∣∣∣ [Nq](1,D)3+ Q¯〉
5/2−∣∣∣ [Nq](1,G)3+ Q¯〉
5/2−


, (41)
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with
U5/2− =


−1
2
1√
6
√
21
6
0
√
3
2
1
3
√
2
√
7
6
0
0
√
7
3
−
√
2
3
0
0 0 0 −1

 , (42)
for 5/2−, and


∣∣ P¯N(2G7/2) 〉∣∣ P¯ ∗N(4D7/2) 〉∣∣ P¯ ∗N(2G7/2) 〉∣∣ P¯ ∗N(4G7/2) 〉


= U7/2−


∣∣∣ [Nq](1,D)3+ Q¯〉
7/2−∣∣∣ [Nq](1,G)3+ Q¯〉
7/2−∣∣∣ [Nq](0,G)4+ Q¯〉
7/2−∣∣∣ [Nq](1,G)4+ Q¯〉
7/2−


, (43)
with
U7/2− =


0
√
7
4
1
2
√
5
4
1 0 0 0
0
√
21
12
−
√
3
2
√
15
12
0
√
15
6
0 −
√
21
6

 , (44)
for 7/2−. Each J channel contains the channels with j = J±1/2. For higher
J , the decomposition will be given similarly.
3.1.2. Positive parity channels
The states with positive parity can be analyzed in the same way. The
wave functions are transformed from the particle basis into the spin-complex
basis by a unitary matrix UJP as


∣∣ P¯N(2P1/2) 〉∣∣ P¯ ∗N(2P1/2) 〉∣∣ P¯ ∗N(4P1/2) 〉

 = U1/2+


∣∣∣ [Nq](1,P)0− Q¯〉
1/2+∣∣∣ [Nq](0,P)1− Q¯〉
1/2+∣∣∣ [Nq](1,P)1− Q¯〉
1/2+

 , (45)
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with
U1/2+ =


1
2
1
2
1√
2
1
2
√
3
−
√
3
2
1√
6√
2
3
0 − 1√
3

 , (46)
for 1/2+,


∣∣ P¯N(2P3/2) 〉∣∣ P¯ ∗N(2P3/2) 〉∣∣ P¯ ∗N(4P3/2) 〉∣∣ P¯ ∗N(4F3/2) 〉


= U3/2+


∣∣∣ [Nq](0,P)1− Q¯〉
3/2+∣∣∣ [Nq](1,P)1− Q¯〉
3/2+∣∣∣ [Nq](1,P)2− Q¯〉
3/2+∣∣∣ [Nq](1,F)2− Q¯〉
3/2+


, (47)
with
U3/2+ =


−1
2
1
2
√
2
√
10
4
0
√
3
2
1
2
√
6
√
5
2
√
6
0
0
√
5
6
− 1√
6
0
0 0 0 −1

 , (48)
for 3/2+,


∣∣ P¯N(2F5/2) 〉∣∣ P¯ ∗N(4P5/2) 〉∣∣ P¯ ∗N(2F5/2) 〉∣∣ P¯ ∗N(4F5/2) 〉


= U5/2+


∣∣∣ [Nq](1,P)2− Q¯〉
5/2+∣∣∣ [Nq](1,F)2− Q¯〉
5/2+∣∣∣ [Nq](0,F)3− Q¯〉
5/2+∣∣∣ [Nq](1,F)3− Q¯〉
5/2+


, (49)
with
U5/2+ =


0
√
15
6
1
2
1√
3
1 0 0 0
0
√
5
6
−
√
3
2
1
3
0 2
3
0 −
√
5
3

 , (50)
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for 5/2+, and


∣∣ P¯N(2F7/2) 〉∣∣ P¯ ∗N(2F7/2) 〉∣∣ P¯ ∗N(4F7/2) 〉∣∣ P¯ ∗N(4H7/2) 〉


= U7/2+


∣∣∣ [Nq](0,F)3− Q¯〉
7/2+∣∣∣ [Nq](1,F)3− Q¯〉
7/2+∣∣∣ [Nq](1,F)4− Q¯〉
7/2+∣∣∣ [Nq](1,H)4− Q¯〉
7/2+


, (51)
with
U7/2+ =


−1
2
√
3
4
3
4
0√
3
2
1
4
√
3
4
0
0
√
3
2
−1
2
0
0 0 0 −1

 , (52)
for 7/2+. Generalization to higher J is straightforward.
3.1.3. Decomposition of wave functions
The spin-complex basis gives a useful information to investigate properties
of the wave function in the particle basis. As discussed in Section 2, in the
heavy quark limit, there are HQS singlets and doublets. For the negative
parity sector, the HQS singlet state has JP = 1/2− with the spin-complex of
jP = 0+: ∣∣ 0+ 〉
1/2−
=
∣∣∣ [Nq](0,S)0+ Q¯〉
1/2−
. (53)
We also consider the HQS doublet states with 1/2− and 3/2− containing the
spin-complex with 1+, which are given by superpositions of two components
[Nq]
(1,S)
1+ and [Nq]
(1,D)
1+ :∣∣ 1+ 〉
1/2−
= sin θ
∣∣∣ [Nq](1,S)1+ Q¯〉
1/2−
+ cos θ
∣∣∣ [Nq](1,D)1+ Q¯〉
1/2−
, (54)∣∣ 1+ 〉
3/2−
= sin θ
∣∣∣ [Nq](1,S)1+ Q¯〉
3/2−
+ cos θ
∣∣∣ [Nq](1,D)1+ Q¯〉
3/2−
. (55)
The mixing angle θ determines to C¯αi in Eq. (18), which depends on the
dynamics in the light components. Using Eqs. (37) and (38), we obtain∣∣∣ [Nq](0,S)0+ Q¯〉
1/2−
= −1
2
∣∣ P¯N(2S1/2) 〉+
√
3
2
∣∣ P¯ ∗N(2S1/2) 〉 , (56)
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and
∣∣∣ [Nq](1,S)1+ Q¯〉
1/2−
=
√
3
2
∣∣ P¯N(2S1/2) 〉+ 1
2
∣∣ P¯ ∗N(2S1/2) 〉 , (57)∣∣∣ [Nq](1,D)1+ Q¯〉
1/2−
= − ∣∣ P¯ ∗N(4D1/2) 〉 , (58)
for 1/2− from Eq. (37) and∣∣∣ [Nq](1,S)1+ Q¯〉
3/2−
=
∣∣ P¯ ∗N(4S3/2) 〉 , (59)∣∣∣ [Nq](1,D)1+ Q¯〉
3/2−
=
√
6
4
∣∣ P¯N(2D3/2) 〉+
√
2
4
∣∣ P¯ ∗N(2D3/2) 〉
+
√
2
2
∣∣ P¯ ∗N(4D3/2) 〉 , (60)
for 3/2− from Eq. (39). Therefore, in the particle basis, the HQS singlet state
with 1/2− and the HQS doublet states with 1/2− and 3/2− are expressed as
∣∣ 0+ 〉
1/2−
= −1
2
∣∣ P¯N(2S1/2) 〉+
√
3
2
∣∣ P¯ ∗N(2S1/2) 〉 , (61)
and
∣∣ 1+ 〉
1/2−
= sin θ
(√
3
2
∣∣ P¯N(2S1/2) 〉+ 1
2
∣∣ P¯ ∗N(2S1/2) 〉
)
− cos θ ∣∣ P¯ ∗N(4D1/2) 〉 , (62)∣∣ 1+ 〉
3/2−
= sin θ
∣∣ P¯ ∗N(4S3/2) 〉+ cos θ
(√
6
4
∣∣ P¯N(2D3/2) 〉
+
√
2
4
∣∣ P¯ ∗N(2D3/2) 〉+
√
2
2
∣∣ P¯ ∗N(4D3/2) 〉
)
. (63)
It is important that the ratios of the particle contents in the heavy quark
limit are uniquely determined from the symmetry argument.
Now, let us consider the HQS singlet state in Eq. (53). From the coeffi-
cients in Eq. (61), the ratio of the components in the particle basis is
f(P¯N(2S1/2)) : f(P¯
∗N(2S1/2)) = 1 : 3. (64)
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Next, we consider the HQS doublet states in Eqs. (54) and (55). The ratios
of the components in the particle basis are
f(P¯N(2S1/2)) : f(P¯
∗N(2S1/2)) = 3 : 1, (65)
for JP = 1/2− from Eq. (62) and
f(P¯N(2D3/2)) : f(P¯
∗N(2D3/2) : f(P¯
∗N(4D3/2)) = 3 : 1 : 4, (66)
for JP = 3/2− from Eq. (63). Those fractions are independent of the mixing
angle θ, because they are derived directly from the HQS, and hence they are
model-independent results. The mixing angle θ is not determined from the
HQS, but should be determined by light-flavor dynamics as discussed in the
next subsection. Similar discussions will be applied to the other JP states.
In this way, the spin-complex basis is closely related to the internal struc-
ture of heavy hadrons. The relation between the spin-complex basis and the
particle basis is also useful to specify the HQS multiplet. Suppose that we
observe a hadron state with JP = 1/2−. This state belongs either to the
HQS singlet containing the jP = 0+ spin-complex, or to the HQS doublet
containing the 1+ spin-complex. Equations (64) and (65) tell us that if the
state is in the HQS singlet or doublet, the fractions of P¯N/P¯ ∗N is 1/3 or
3, respectively. In this way, the HQS constrains the property of the wave
functions depending on the HQS multiplet to which the state belongs. This
may be reflected, for instance, in the production and the decay patterns of
the heavy hadron.
3.2. Analysis with one-pion-exchange potential
3.2.1. One-pion-exchange potential from heavy meson effective theory
Let us discuss the dynamics of the P¯ (∗)N systems in the heavy quark limit.
We consider the one-pion-exchange potential (OPEP) as a long range force.
To determine the interaction of the heavy meson and the pion, we employ the
heavy meson effective Lagrangians satisfying the HQS and chiral symmetry
[9, 39]. In the heavy meson effective theory, the interaction Lagrangian of
the P (∗) ∼ Qq¯ meson and the pion π is given by
LπHH = igπTr
[
Hbγµγ5A
µ
baH¯a
]
, (67)
24
where the heavy meson field Ha is given by the heavy pseudoscalar and vector
mesons, P and P ∗, as
Ha =
1 + /v
2
[
P ∗aµγ
µ − Paγ5
]
, (68)
H¯a = γ0H
†
aγ0. (69)
Here vµ is the four-velocity of the heavy meson, and the subscripts a, b
represent the isospin. The axial current Aµba by pions are given as
Aµ =
1
2
(
ξ†∂µξ − ξ∂µξ†) , (70)
where ξ = exp(iπˆ/fπ) with the pion decay constant fπ = 132 MeV and the
pion field is defined by
πˆ =
(
π0√
2
π+
π− − π0√
2
)
. (71)
The coupling constant gπ = 0.59 is determined from the decay width of
D∗ → Dπ observed in experiments [10]. From Eq. (67), we obtain the pion
and heavy meson vertices in the static limit vµ = (1,~0). As a matter of fact,
Lagrangian (67) is invariant under the spin transformation for the heavy
quark, Ha → SHa with S ∈ SU(2)spin. The interaction Lagrangian for the
P¯ (∗) and the pion, which will be used to construct the P¯ (∗)N potential, is
obtained by changing the overall sign due to the G-parity transformation.
The interaction Lagrangian of the pion and the nucleon is given by the
pseudoscalar form,
LπNN =
√
2igπNNN¯γ5πˆN , (72)
where N = (p, n)T is the nucleon field. The coupling constant for the nucleon
is given as g2πNN/4π = 13.6 from the phenomenological nuclear potential in
Ref. [40] (see also Ref. [41]). Details are found in Refs. [28, 29, 30].
We may consider the short range interaction supplied by the vector mesons
ω and ρ. The vector meson exchange potentials can be also constructed from
the vertices of P¯ (∗) and the vector mesons with keeping the HQS as demon-
strated in our previous papers [28, 29, 30]. The results of the spin degeneracy
are not modified by the inclusion of the vector meson exchange, as far as the
HQS is maintained.
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With the above vertices, we construct the OPEP between the P¯ (∗) meson
and the nucleon N [28, 29, 30]. The OPEPs for P¯N -P¯ ∗N and P¯ ∗N -P¯ ∗N are
given as
VP¯N−P¯ ∗N(r) = −
gπgπNN√
2mNfπ
1
3
[
~ε † · ~σC(r) + Sε(rˆ)T (r)
]
~τP¯ ·~τN , (73)
VP¯ ∗N−P¯ ∗N(r) =
gπgπNN√
2mNfπ
1
3
[
~T · ~σC(r) + ST (rˆ)T (r)
]
~τP¯ ·~τN , (74)
respectively, by a sum of the central and tensor forces. In Eqs. (73) and
(74), ~ε (~ε †) is the polarization vector of the incoming (outgoing) P¯ ∗, ~T is the
spin-one operator of P¯ ∗, and Sε(rˆ) [ST (rˆ)] is the tensor operator SO(rˆ) =
3( ~O · rˆ)(~σ · rˆ) − ~O · ~σ with rˆ = ~r/r and r = |~r | for ~O = ~ε (~T ), where ~r is
the relative position vector between P¯ (∗) and N . ~σ are the Pauli matrices
acting on the nucleon spin. ~τP¯ (~τN) are isospin operators for P¯
(∗) (N). The
functions C(r) and T (r) for the central and tensor parts are
C(r) =
∫
d3~q
(2π)3
m2π
~q 2 +m2π
ei~q·~rF (~q ) , (75)
SO(rˆ)T (r) =
∫
d3~q
(2π)3
−~q 2
~q 2 +m2π
SO(qˆ)e
i~q·~rF (~q ), (76)
with qˆ = ~q/|~q |, where the dipole-type form factor F (~q ) = (Λ2N −m2π)(Λ2P¯ −
m2π)/(Λ
2
N+|~q |2)(Λ2P¯+|~q |2) with cutoff parameters ΛN and ΛP¯ are introduced
for the spatial sizes of hadrons as discussed in Refs. [28, 29, 30].
We note that the OPEP for P¯N -P¯N does not exist, because the P¯ P¯ π
vertex is forbidden by parity conservation. Instead, the P¯N -P¯N interaction
is effectively supplied from the mixing P¯N and P¯ ∗N (P¯N → P¯ ∗N → P¯N),
as emphasized in Refs. [28, 29, 30].
3.2.2. Negative parity channels
Let us discuss concretely the channels with JP = 1/2− and 3/2−, whose
particle bases are given by Eqs. (37) and (39), respectively. From Eqs. (73)
26
and (74), the Hamiltonians in the particle basis are given by
H1/2− =

 K0
√
3C −√6T√
3C K0 − 2C −
√
2T
−√6T −√2T K2 + (C − 2 T )

 , (77)
H3/2− =


K2
√
3 T −√3 T √3C√
3T K0 + C 2 T T
−√3T 2 T K2 + C −T√
3C T −T K2 − 2C

 , (78)
for 1/2− and 3/2−, respectively. Here the kinetic terms are
KL = − 1
2µ
(
∂2
∂r2
+
2
r
∂
∂r
− L(L+ 1)
r2
)
, (79)
for angular momentum L with the reduced mass µ = mN in the heavy quark
limit, and we have defined
C = κC(r), T = κT (r), (80)
with κ = (gπgπNN/
√
2mNfπ)(~τP¯ ·~τN/3). We emphasize again that the P¯N
and P¯ ∗N states can be mixed, and accordingly the states with different
angular momenta can also be mixed by the off-diagonal components of the
tensor force. The tensor force induces the strong attractions, as known in the
nucleon-nucleon interaction in nuclear physics. Thus, the mixing effects of
P¯N and P¯ ∗N are essentially important to switch on the strong tensor force
in the OPEP.
Now, let us rewrite the HamiltoniansH1/2− andH3/2− in the spin-complex
basis by using the unitary matrices U1/2− and U3/2− in Eqs. (38) and (40).
27
The results are given as
HSC1/2− = U
−1
1/2−H1/2−U1/2−
=

 K0 − 3C 0 00 K0 + C −2√2T
0 −2√2T K2 + (C − 2 T )


≡
(
H
SC(0+)
1/2− 0
0 H
SC(1+)
1/2−
)
, (81)
HSC3/2− = U
−1
3/2−H3/2−U3/2−
=


K0 + C 2
√
2T 0 0
2
√
2 T K2 + (C − 2 T ) 0 0
0 0 K2 − 3C 0
0 0 0 K2 + (C + 2 T )


≡
(
H
SC(1+)
3/2− 0
0 H
SC(2+)
3/2−
)
. (82)
As in the previous section, we introduce the notation H
SC(jP )
JP
for the Hamil-
tonian for the JP state containing the spin-complex with jP . To denote the
spin-complex basis, we use the superscript “SC” instead of “BMC”. Thus,
with the spin-complex basis, we obtain the block-diagonal forms. From the
results, we find that the terms with the 1+ spin-complex in the 1/2− and
3/2− channels are identical, except for the signs of the off-diagonal compo-
nents which are irrelevant for the eigenvalues:
H
SC(1+)
1/2− ≈ HSC(1
+)
3/2− , (83)
where ≈ stands for the equality of the eigenvalues as introduced in the previ-
ous section. This means that the eigenstates with 1/2− and 3/2− containing
the spin-complex with 1+ form the HQS doublet whose masses are com-
pletely degenerate. Similarly, we will obtain H
SC(2+)
3/2− ≈ HSC(2
+)
5/2− suggesting
that the 3/2− and 5/2− states containing the spin-complex with 2+ belong
to the HQS doublet, as shown below. On the other hand, there is no cor-
responding component to H
SC(0+)
1/2− . Therefore, the 1/2
− state containing the
spin-complex with 0+ belongs to the HQS singlet. Those are exactly what
we have discussed in the previous section. The spin degeneracy is shown
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generally in the heavy quark effective theory in Eq. (4), where fundamental
degrees of freedom are quarks and gluons. Interestingly, the spin degeneracy
is shown also for hadronic molecules whose eigenstates are induced from the
heavy meson effective theory with the hadronic degrees of freedom.
For completeness, we present the results with JP = 5/2− and 7/2− in the
negative parity sector. In the particle basis, the Hamiltonians are given as
H5/2− =


K2
√
3C
√
6
7
T − 6√
7
T
√
3C K2 − 2C
√
2
7
T −2
√
3
7
T√
6
7
T
√
2
7
T K2 + (C +
10
7
T ) 4
7
√
6T
− 6√
7
T −2
√
3
7
T 4
7
√
6T K4 + (C − 107 T )


, (84)
for 5/2− and
H7/2− =


K4 3
√
3
7
T
√
3C −
√
15
7
T
3
√
3
7
T K2 + (C − 47T ) 3√7T 67
√
5T
√
3C 3√
7
T K4 − 2C −
√
5
7
T
−
√
15
7
T 6
7
√
5T −
√
5
7
T K4 + (C +
4
7
T )


, (85)
for 7/2−. Using Eqs. (41) and (43), we obtain the Hamiltonian in the spin-
complex basis as
HSC5/2− = U
−1
5/2−H5/2−U5/2−
=


K2 − 3C 0 0 0
0 K2 + (C + 2T ) 0 0
0 0 K2 + (C − 47T ) 12
√
3
7
T
0 0 12
√
3
7
T K4 + (C − 107 T )


≡
(
H
SC(2+)
5/2− 0
0 H
SC(3+)
5/2−
)
, (86)
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for 5/2− and
HSC7/2− = U
−1
7/2−H7/2−U7/2−
=


K2 + (C − 47T ) 12
√
3
7
T 0 0
12
√
3
7
T K4 + (C − 107 T ) 0 0
0 0 K4 − 3C 0
0 0 0 K4 + (C + 2T )


≡
(
H
SC(3+)
7/2− 0
0 H
SC(4+)
7/2−
)
, (87)
for 7/2−. Therefore, we confirm the equivalence of the eigenvalues
H
SC(2+)
3/2− ≈ HSC(2
+)
5/2− , (88)
and
H
SC(3+)
5/2− ≈ HSC(3
+)
7/2− , (89)
which indicate that the 3/2− and 5/2− states containing the spin-complex
with 2+ belong to the HQS doublet, and the 5/2− and 7/2− states containing
the spin-complex with 3+ also belong to the HQS doublet. A partner of the
remaining H
SC(4+)
7/2− is considered to be in the J
P = 9/2− channel.
3.2.3. Positive parity channels
Similarly, we consider the positive party channels with JP = 1/2+, 3/2+,
5/2+ and 7/2+. In the particle basis, the Hamiltonians are
H1/2+ =

 K1
√
3C −√6T√
3C K1 − 2C −
√
2T
−√6T −√2T K1 + (C − 2T )

 , (90)
for 1/2+,
H3/2+ =


K1
√
3C
√
3
5
T −3
√
3
5
T√
3C K1 − 2C 1√5T − 3√5T√
3
5
T 1√
5
T K1 + (C +
8
5
T ) 6
5
T
−3
√
3
5
T − 3√
5
T 6
5
T K3 + (C − 85T )

 , (91)
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for 3/2+,
H5/2+ =


K3
3
5
√
10T
√
3C −2
√
3
5
T
3
5
√
10T K1 + (C − 25T )
√
6
5
T 4
5
√
6T
√
3C
√
6
5
T K3 − 2C − 2√5T
−2
√
3
5
T 4
5
√
6T − 2√
5
T K3 + (C +
2
5
T )


, (92)
for 5/2+, and
H7/2+ =


K3
√
3C T −√5T√
3C K3 − 2C 1√3T −
√
5
3
T
T 1√
3
T K3 + (C +
4
3
T ) 2
3
√
5T
−√5T −
√
5
3
T 2
3
√
5T K5 + (C − 43T )

 , (93)
for 7/2+. In the spin-complex basis, the Hamiltonians are obtained as
HSC1/2+ = U
−1
1/2+H1/2+U1/2+
=

 K1 + (C − 4T ) 0 00 K1 − 3C 0
0 0 K1 + (C + 2T )


≡
(
H
SC(0−)
1/2+ 0
0 H
SC(1−)
1/2+
)
, (94)
for 1/2+,
HSC3/2+ = U
−1
3/2+H3/2+U3/2+
=


K1 − 3C 0 0 0
0 K1 + (C + 2T ) 0 0
0 0 K1 + (C − 25T ) 6
√
6
5
T
0 0 6
√
6
5
T K3 + (C − 85T )


≡
(
H
SC(1−)
3/2+ 0
0 H
SC(2−)
3/2+
)
, (95)
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for 3/2+,
HSC5/2+ = U
−1
5/2+H5/2+U5/2+
=


K1 + (C − 25T ) 6
√
6
5
T 0 0
6
√
6
5
T K3 + (C − 85T ) 0 0
0 0 K3 − 3C 0
0 0 0 K3 + (C + 2T )


≡
(
H
SC(2−)
5/2+ 0
0 H
SC(3−)
5/2+
)
, (96)
for 5/2+, and
HSC7/2+ = U
−1
7/2+H7/2+U7/2+
=


K3 − 3C 0 0 0
0 K3 + (C + 2T ) 0 0
0 0 K3 + (C − 23T ) 4
√
5
3
T
0 0 4
√
5
3
T K5 + (C − 43T )


≡
(
H
SC(3−)
7/2+ 0
0 H
SC(4−)
7/2+
)
, (97)
for 7/2+. Therefore, we find that the Hamiltonian
H
SC(0−)
1/2+ , (98)
has no partner in any other diagonal components, and hence the 1/2+ state
containing the spin-complex with 0− is classified as the HQS singlet. On the
other hand, we find the relations
H
SC(1−)
1/2+ ≈ HSC(1
−)
3/2+ , (99)
H
SC(2−)
3/2+ ≈ HSC(2
−)
5/2+ , (100)
H
SC(3−)
5/2+ ≈ HSC(3
−)
7/2+ , (101)
indicating that the 1/2+ and 3/2+ (3/2+ and 5/2+ or 5/2+ and 7/2+) states
containing the spin-complex with 1− (2− or 3−) belong to the HQS doublet.
It is naturally expected that the state with JP = 7/2+ and jP = 3− has a
partner in the JP = 9/2+ channel.
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3.2.4. Spin degeneracy for general JP
From the analysis above, we find a general relation for j ≥ 1
H
SC(jP )
j−1/2P ≈ H
SC(jP )
j+1/2P
, (102)
with P = −P. This means that the j ± 1/2P states containing the spin-
complex with jP belong to the HQS doublet. The 1/2P state containing
the spin-complex with 0P belongs to the HQS singlet. Those results are
consistent with what is expected form the HQS.
Comments are in order. First, the off-diagonal components in Hamil-
tonian H
SC(jP )
JP
with the spin-complex basis are responsible for the mixing
among the components with same jP , which determine the mixing angle
in Eqs. (54) and (55). The strength of the off-diagonal components is not
constrained by the HQS, and depends on the chosen potential. In fact, the
inclusion of the vector meson exchange potential modifies the strength of the
off-diagonal components, as shown in Appendix A. In addition, although
some of the off-diagonal components in H
SC(jP )
JP
vanish in the present po-
tential, they can be finite with general interactions. Nevertheless, the mass
degeneracy of the HQS doublet and the fraction of the components such as
Eqs. (64), (65), and (66) are always guaranteed, thanks to the relation (102).
Second, to realize these properties, we should include all possible channels
which are related by the HQS. If some channels are missing, Eq. (102) does
not hold. In fact, if we switch off the mixing between P¯N and P¯ ∗N , the mass
degeneracy does not occur, because the P¯ and P¯ ∗ are in the HQS doublet.
In the same way, the use of the single coupling constant gπ for the P¯ P¯
∗π and
P¯ ∗P¯ ∗π vertices is also necessary, as it is required by the HQS. We remark that
the coupling to different angular momentum states is not always necessary.
Indeed, as shown in Appendix B, the relation (102) is still valid with only
the S-wave states. The mixing of angular momentum is necessary rather for
switching on the strong tensor force.
Third, in the present analysis, we have considered the spin-complex basis
with the Nq configuration. Even when other components such as ∆q and
Nπq are considered, the Hamiltonian can be block-diagonalized in the spin-
complex basis, as far as we respect the HQS to construct the interaction
potential. In this way, spin-complex basis is useful to grasp the model-
independent property of heavy hadrons in the framework of effective models.
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3.2.5. Numerical results
In this section, let us show the numerical results of the properties of the
P¯ (∗)N system. In addition to the π exchange potential, we also examine
the ρ and ω exchange potentials shown in Appendix A. In the present dis-
cussion, we use finite masses mP¯ and mP¯ ∗ = mP¯ + ∆m for heavy mesons
P¯ and P¯ ∗, respectively, by introducing the mass difference ∆m, in order
to control the breaking of the HQS. Accordingly, different reduced masses
µ are used in the P¯N and P¯ ∗N channels and ∆m is added in the diag-
onal terms in the P¯ ∗N channels. The mass difference is parametrized as
∆m/mP ∗ = (0.617 GeV/mP ∗)
2.25 so as to fit empirically the experimental
data in the strange, charm, and bottom sectors [29]. We denote the mesons
in the heavy quark limit mP¯ = mP¯ ∗ → ∞ as P¯ (∗)Q . The cutoff parameter of
the form factor is chosen to be ΛN = 830 MeV (ΛN = 846 MeV) for the π
(πρω) potential, and we use ΛP¯Q = 1.12ΛN estimated in the heavy quark
limit [29].
To begin with, we consider the P¯
(∗)
Q N state in the heavy quark limit. By
solving the coupled-channel Schro¨dinger equations numerically, we obtain
bound states with (I, JP ) = (0, 1/2±) and (0, 3/2±) as displayed in Fig. 1.
We find the mass degeneracy in the JP = 1/2− and 3/2− channels, and also
in the JP = 1/2+ and 3/2+ channels. The lowest energy states are of 1/2−
and 3/2−, which have the same binging energy 34.1 MeV with the π potential
and 37.4 MeV with the πρω potential. These states are considered to form
an HQS doublet with the spin-complex jP = 1+. This becomes clear when
the wave functions are decomposed in the following. Since the π exchange
potential predominates in the P¯ (∗)N states as discussed in Refs. [28, 29, 30],
the results with the πρω potential are not very far from those with the
π potential. The secondly bound states are found in the 1/2+ and 3/2+
channels with a binding energy 11.8 MeV for the π potential and 12.8 MeV
for the πρω potential. Therefore, the degenerate states seem to belong the
HQS doublet with jP = 1− from the viewpoint of the analytical argument
given in Section 3.2.2.
The properties of the HQS doublets, in particular those of the spin-
complex, are reflected in the fractions in the particle basis. We obtain the
mixing ratios of the wave functions of the bound states in Table 2. For
the bound state for JP = 1/2− with πρω potential, the mixing ratios of
the S-wave states are 64.0 % for the P¯N(2S1/2) channel and 21.3 % for
the P¯ ∗N(2S1/2) channel, and hence the fraction of the wave functions is
34
Figure 1: Energy levels of the bound P¯
(∗)
Q N states with I = 0 and J
P = 1/2± and 3/2±
in the heavy quark limit, when the piρω potential is used.
f(P¯N(2S1/2)) : f(P¯
∗N(2S1/2)) = 3 : 1. This result is consistent with the
fraction in Eq. (65) and shows that the state is made of the spin-complex
with jP = 1+. Similarly, we obtain the fraction for the JP = 3/2− as
f(P¯N(2D3/2)) : f(P¯
∗N(2D3/2)) : f(P¯ ∗N(4D3/2)) = 3 : 1 : 4, which coincides
with the fractions in Eq (66). Therefore, it is confirmed that the wave func-
tions of the 1/2− and 3/2− states are equivalent in the spin-complex basis
and they are made of the 1+ spin-complex. The mixing ratios of P¯ ∗N(4D1/2)
for 1/2− [P¯ ∗N(4S3/2) for 3/2−] are different because of the off-diagonal com-
ponents in the spin-complex basis. This effect is characterized by the mixing
angle θ in Eqs. (62) and (63). It is also the case in the positive parity sector;
the mixing ratios of the 1/2+ and 3/2+ states follow the fractions derived in
the spin-complex basis. Because the absence of the off-diagonal components
in H
SC(1−)
1/2+ and H
SC(1−)
3/2+ in Eqs. (94) and (95) or in Eqs. (A.34) and (A.36) in
the π or πρω model, we obtain the identical mixing ratios in two potentials.
In the positive parity sector, the model dependence lies only in the diagonal
components, which results in the difference of the binding energies.
We evaluate the spatial sizes of P¯
(∗)
Q N from the mean-squared-radius,
namely the expectation value of the distance r between P¯
(∗)
Q and N , which
can be expressed in the particle basis
√
〈r2〉 =
√∑
i
〈(P¯ (∗)N)i| r2 |(P¯ (∗)N)i〉, (103)
with i being 2S+1LJ of P¯
(∗)
Q N . Interestingly, we find
√〈r2〉 of 1/2− and
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Table 2: Mixing ratios of the P¯
(∗)
Q N channels in the bound states with I = 0 in the heavy
quark limit.
JP = 1/2− P¯N(2S1/2) P¯ ∗N(2S1/2) P¯ ∗N(4D1/2) —
π 63.6 % 21.2 % 15.2 % —
πρω 64.0 % 21.3 % 14.7 % —
JP = 3/2− P¯N(2D3/2) P¯ ∗N(4S3/2) P¯ ∗N(4D3/2) P¯ ∗N(2D3/2)
π 5.7 % 84.8 % 7.6 % 1.9 %
πρω 5.5 % 85.3 % 7.4 % 1.8 %
JP = 1/2+ P¯N(2P1/2) P¯
∗N(2P1/2) P¯ ∗N(4P1/2) —
π 50.0 % 16.7 % 33.3 % —
πρω 50.0 % 16.7 % 33.3 % —
JP = 3/2+ P¯N(2P3/2) P¯
∗N(2P3/2) P¯ ∗N(4P3/2) P¯ ∗N(4F3/2)
π 12.5 % 4.2 % 83.3 % 0.0 %
πρω 12.5 % 4.2 % 83.4 % 0.0 %
3/2− are the same values, 1.2 fm for the π potential and 1.1 fm for the πρω
potential, respectively. We also obtain the same sizes of the 1/2+ and 3/2+
states, 1.6 fm for the π and πρω potentials. Those results are consistent
with the fact that the spin-complex in the 1/2− (1/2+) state is exactly the
same as that in the 3/2− (3/2+) state. Although the mixing ratios in the
particle basis are quite different in the 1/2± and 3/2± states, the sum of
the all channels gives the same results, thanks to the equivalence of the wave
functions in spin-complex basis. In this sense, the spin-complex basis is more
appropriate to express the structure of the hadrons in the heavy quark limit.
With the finite masses of the heavy mesons as the term breaking the HQS,
we calculate the energies of the 1/2± and 3/2± states as functions of heavy
vector meson mass mP ∗ (Fig. 2). The negative (positive) energy corresponds
to a binding (resonance) energy. For the resonance energy, we plot the real
parts of the complex energies extracted from the phase shift. In Fig. 2, we
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Figure 2: Energies of the JP = 1/2± and 3/2± states with I = 0 measured from the P¯N
threshold as functions of heavy vector meson mass mP∗ , when the piρω potential is used.
The solid (dashed) line shows the 1/2− (3/2−) state, and the dashed-dotted (dashed-
two-dotted) line shows the 1/2+ (3/2+) state. The horizontal axis sets as a logarithmic
scale.
observe that the energy difference between the states with 1/2± and 3/2±
decreases as the heavy vector meson mass mP ∗ increases, and the energies
finally reach −37.4 MeV for JP = 1/2−, 3/2− and −12.8 MeV for JP = 1/2+,
3/2+ in the heavy quark limit. This result is quite interesting. Namely, two
states of 1/2− and 3/2− (1/2+ and 3/2+) in charm and bottom sectors stem
from the same origin in the heavy quark limit.
We comment on the non-exotic P (∗)N channel, whose quark configuration
is given by Qq¯qqq. The present boson-exchange potential can be applied to
these systems by changing the sign of the vertices according to the G-parity.
In the non-exotic channels, there can be the mixing effects with the hadronic
states P (∗)N and the compact three-quark states Qqq due to the light quark-
antiquark annihilation processes. Nevertheless, the emergence of the HQS
doublet or singlet states in the heavy quark limit is always guaranteed as long
as the HQS is taken into account. See Appendix B for the discussion based
on the Weinberg-Tomozawa interaction with SU(8) flavor-spin symmetry.
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4. Mass spectrum and structure of brown muck
So far we have discussed the brown muck and spin-complex as a useful
object to understand the structures of multi-hadrons with a heavy quark.
Because there exist internal degrees of freedom (light quarks and gluons,
light hadrons and the relative angular momentum), the brown muck has
not only the ground state but also several excited states. In this section,
we discuss the mass spectrum of the brown muck in relation to its internal
structure in excited heavy hadrons.
4.1. Extraction of mass of brown muck
As discussed in Section 2.5, we identify the mass of the brown muck as Λ¯
defined in Eq. (30). This is the contribution of the light components to the
hadron mass in the heavy quark limit. In reality, we need to extract Λ¯ from
the experimental information with finite charm and bottom quark masses.
This is possible by using the heavy hadron mass formula (29) together with
the knowledge of the masses of the charm hadrons Hc with spin j ± 1/2 and
the bottom hadrons Hb with j± 1/2 which have common isospin and parity.
Then, we use the following relations from Eq. (29)
MHc(j+1/2) = mc + Λ¯−
λ1
2mc
+ 2j
λ2(µ)
2mc
+O(1/m2c), (104)
MHc(j−1/2) = mc + Λ¯−
λ1
2mc
− 2(j + 1)λ2(µ)
2mc
+O(1/m2c), (105)
MHb(j+1/2) = mb + Λ¯−
λ1
2mb
+ 2j
λ2(µ)
2mb
+O(1/m2b), (106)
MHb(j−1/2) = mb + Λ¯−
λ1
2mb
− 2(j + 1)λ2(µ)
2mb
+O(1/m2b), (107)
for j 6= 0 (HQS doublet). We use µ = mc (mb) for charm in Eqs. (104) and
(105) (for bottom in Eqs. (106) and (107)). For given MHc(j+1/2), MHc(j−1/2),
MHb(j+1/2) and MHb(j−1/2), we obtain the matrix elements Λ¯, λ1, λ2(mc) and
λ2(mb) up to O(1/m2c) and O(1/m2b). We use mc = 1.30 GeV and mb = 4.71
GeV following Ref. [8]. For j = 0 (HQS singlet), we use
MHc(1/2) = mc + Λ¯−
λ1
2mc
+O(1/m2c), (108)
MHb(1/2) = mb + Λ¯−
λ1
2mb
+O(1/m2b), (109)
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to determine Λ¯ and λ1 from MHc(1/2) and MHb(1/2). Those formulae should
hold in any (multi-)hadrons with a heavy quark. The information of the
specific configurations of the brown muck is reflected in the values of the
parameters, such as Λ¯, λ1, λ2(mc) and λ2(mb), which are defined as the
matrix elements of the HQET operators with hadronic states. We will apply
this scheme to obtain Λ¯, λ1, λ2(mc) and λ2(mb) using the experimental
mass spectrum of heavy baryons. We also examine the predictions of the
constituent quark model and the hadronic molecule model, where the former
represent the diquark structure of the brown muck, and the latter expresses
the spin-complex structure of the brown muck.
We note that the matrix elements Λ¯, λ1, and λ2(mQ) are related to the
mQ dependence of the heavy hadron mass MH(mQ). For instance, Λ¯ can be
expressed as
Λ¯ =
d
d(1/mQ)
(
MH
mQ
)∣∣∣∣
mQ→∞
= −m2Q
d
dmQ
(
MH
mQ
)∣∣∣∣
mQ→∞
. (110)
In the same way, λ1 and λ2(mQ) can be related to the second derivative of
the masses of the spin partners
d2
d(1/mQ)2
(
MH(j±1/2)
mQ
)∣∣∣∣
mQ→∞
=
{
−λ1 + 2jλ2(∞)
−λ1 − 2(j + 1)λ2(∞)
. (111)
Because the heavy quark mass mQ can be arbitrarily adjusted in the lattice
QCD simulation, it is, in principle, possible to extract the matrix elements
from the mQ dependence.
4.2. Spectroscopy of brown muck by experimental data
In experiments, several charm and bottom baryons have been reported to
exist so far [10]. In the antitriplet sector of SU(3) flavor, there are Λc (Λb)
with 1/2+ for the ground state, and Λ∗c (Λ
∗
b) with 1/2
− and 3/2− for the
excited states, for the non-strangeness (S = 0) sector. Two Λ∗b states have
been observed recently in LHCb [18]. Although their JP quantum numbers
are not determined yet in experimental observation, it is natural to assign
1/2− (3/2−) for the states with lower (higher) mass. In the strangeness
S = −1 sector, there are Ξc (Ξb) with 1/2+.
In the sextet sector, Σ
(∗)
c (Σ
(∗)
b ) with 1/2
+ and 3/2+ exist for S = 0. The
experimental data on other baryons is not sufficient to complete the flavor
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partners and/or the spin partners. Such states are not considered in the
present discussion.
Based on the existence of the nearby spin states, we assign the ground
states of Λc and Ξc (Λb and Ξb) as HQS singlets, and the excited states Λ
∗
c
and Σ
(∗)
c (Λ∗b and Σ
(∗)
b ) as HQS doublets. From those charm and bottom
baryons, by using Eqs. (104), (105), (106) and (107), we obtain the matrix
elements Λ¯, λ1, λ2(mc) and λ2(mb) as summarized in Table 3. The ground
state Λc and Λb contain the brown muck with S, I(j
P) = 0, 0(0+) whose
mass is given as Λ¯ = 0.88 GeV. The excited states of the brown muck are
also calculated from the mass of the excited baryons. We find that the mass
of the brown muck Λ¯ is of the order of 1 GeV in the heavy baryons, which
is comparable with the mass of the light hadrons. The small numbers of λ1
and λ2(mQ), together with the 1/2mQ factor in the mass formula, indicate
that these corrections are indeed small (about ten percents or less to Λ¯), and
the large amount of the heavy baryon mass originates in Λ¯.
The mass splittings between states are important quantities in hadron
mass spectroscopy. This is also the case for the brown muck. In Table 3,
the excitation energies of the brown muck are denoted by δΛ¯, which are
measured from the mass of the ground state with S, I(jP) = 0, 0(0+) in Λc
and Λb (1/2
+). We plot the obtained mass spectrum of the brown muck in
the right panel in Fig. 3. The excited state with S, I(jP) = 0, 0(1−) in Λ∗c and
Λ∗b (1/2
−, 3/2−) has an excitation energy of δΛ¯ = 290 MeV. We also observe
that the brown muck with −1, 1/2(0+) in Ξc and Ξb (1/2+) has the excitation
energy δΛ¯ = 160 MeV measured from the mass of the brown muck in Λc and
Λb (1/2
+). In the flavor sextet sector, the brown muck with 0, 1(1+) in Σ
(∗)
b
and Σ
(∗)
c (1/2+, 3/2+) has the excitation energy δΛ¯ = 210 MeV.
4.3. Brown muck spectroscopy by theoretical studies
In the previous subsection, we have obtained the mass spectrum of the
brown muck based on the experimental information. However, the number
of the observed charm and bottom baryons is not yet sufficient to perform
the systematic spectroscopy of the brown muck. Especially, there lacks much
information about further excited states. Theoretically, it is predicted that
there exist higher excited states forming flavor partners and spin partners in
the constituent quark model, as recently studied in detail by Roberts and
Pervin in Ref. [44]. In the hadronic molecule models, the existence of exotic
baryons is also predicted, for instance, by the potential model as discussed
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Table 3: The matrix elements Λ¯, λ1, λ2(mc) and λ2(mb) of charm and bottom baryons
observed in experiments. The brown muck is characterized by its strangeness S, isospin
I and the total spin and parity jP . Λ¯ and δΛ¯ are given in units of GeV, and λ1, λ2(mc)
and λ2(mb) are in units of GeV
2. In the last row, we show the corresponding diquarks
in the constituent quark model, which are denoted by [q1q2]jP for triplet in light flavor
SU(3) symmetry and (q1q2)jP for sextet (q1, q2=u, d, s; n = u, d) (see also Section 4.3).
S, I(jP) baryons (JP ) Λ¯ δΛ¯ λ1 λ2(mc), λ2(mb) diquark
0, 0(0+) Λc, Λb (1/2
+) 0.88 0 −0.28 — [ud]0+
0, 0(1−) Λ∗c, Λ
∗
b (1/2
−, 3/2−) 1.17 0.29 −0.39 0.014, 0.012 [ud]1−
−1, 1/2(0+) Ξc, Ξb (1/2+) 1.04 0.16 −0.32 — [ns]0+
0, 1(1+) Σ
(∗)
c , Σ
(∗)
b (1/2
+, 3/2+) 1.09 0.21 −0.29 0.028, 0.032 (nn)1+
in Section 3 (see also Refs. [28, 29, 30, 31]). These theoretical calculations
enable us to extract the masses of the higher excited states of the brown muck
with different quantum numbers. Moreover, the structure of the brown muck
in these predictions is related to the model space, for instance, the diquark
qq in the constituent quark model and the spin-complex with Nq structure in
the hadronic molecule model. For the study of internal structure, from now
on, we make use of the theoretical predictions of the heavy hadron spectrum.
4.3.1. Constituent quark model
There have been in literature many discussions about the masses of heavy
baryons in the quark model calculations [42, 43]. As one of the recent works,
we consider the model by Roberts and Pervin [44] where the baryons are
classified in terms of the HQS. We summarize their results in Figs. 4 and 5
for charm and bottom sectors, respectively, in comparison with experimen-
tal data. In their analysis, some spin partners (HQS doublet/singlet) were
identified, when the wave functions of the light quarks were similar to each
other.
It was shown that Λc (Λb) in the ground state is identified as the HQS
singlet state which contains the brown muck with S, I(jP) = 0, 0(0+). Their
excited states, Λ∗c (Λ
∗
b) with J
P = 1/2− and 3/2−, are identified as the HQS
doublet states which contain the brown muck with 0, 0(1−). Similarly, Ξc
(Ξb) with J
P = 1/2+ is the HQS singlet state containing the brown muck
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with −1, 1/2(0+). In the sextet sector, Σ(∗)c (Σ(∗)b ) with 1/2+ and 3/2+ are
the HQS doublet states containing the brown muck with 0, 1(1+). Those
assignments are consistent with the result from the spectrum observed in
experiments. In addition, many other states, which will be explored in future
experiments, were predicted in Ref. [44]. Some of them are identified as the
HQS doublets/singlets.
For those excited baryons, we calculate the matrix elements Λ¯, λ1, λ2(mc)
and λ2(mb) by applying Eqs. (104), (105), (106) and (107). The results are
shown in Tables 4 and 5 for the strangeness S = 0 and S = −1 in the flavor
antitriplet sector, and in Tables 6, 7 and 8 for S = 0, S = −1 and S = −2
states in the sextet sector. In those tables, jP is the spin and parity of the
brown muck, and JP = j ± 1/2P (P = P) is the total angular momenta
and parity of the baryons containing the common brown muck (j ≥ 1).
For j = 0, there is no spin partner. Because this model is based on the
three-quark configuration, the brown muck in the predicted heavy baryons
is considered to be a diquark state. We denote it by the valence quark
component as [qq] and (qq), where the square (round) bracket stand for the
antisymmetric (symmetric) combination corresponding to triplet (sextet) in
light flavor SU(3) symmetry.
Let us see the details of the obtained matrix elements. We find that the
value of Λ¯ for the ground states Λc and Λb (1/2
+) is in good agreement with
those extracted from the experimental spectrum in Table 3. It is also the
case for the excited state Λ∗c and Λ
∗
b (1/2
−, 3/2−), Ξc and Ξb (1/2+), and
Σ
(∗)
c and Σ
(∗)
b (1/2
+, 3/2+). This is of course a consequence of the success
of the quark model prediction for the experimental data of these states in
Ref. [44]. It also indicates that the brown muck of these low-lying baryons is
dominated by the diquark structure. We note that the values of λ1, λ2(mc)
and λ2(mb) together with the factors 1/2mc and 1/2mb are smaller than that
of Λ¯, and hence the 1/mQ expansion works well.
In addition to the observed states, the quark model predicts several ex-
cited states [44]. From this information, we can construct the mass spectrum
of the brown muck. One of the most important quantities in the mass spec-
trum is the excitation energy from the ground state. We define the excitation
energy δΛ¯ measured from the lowest energy state with a given flavor quan-
tum numbers. In the antitriplet sector, the ground state is jP = 0+ for both
(S, I) = (0, 0) and (−1, 1/2). In contrast, in the sextet sector, the ground
state is jP = 1+ for all channels with (S, I) = (0, 1), (−1, 1/2) and (−2, 0).
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Moreover, the mass splitting of the ground states in the sextet is almost
equal spacing (m(qs) −m(ud) = 124 MeV ≃ m(ss) −m(qs) = 116 MeV), which
indicates that the Gell-Mann–Okubo formula works well also for the brown
muck. In this way, the structure of the brown muck in the constituent quark
model follows the flavor SU(3) symmetry.
From the analyses above, we obtain the mass spectrum of the brown
muck, as summarized in Fig. 6. Some lower states are comparable with ones
in Fig. 3, and many higher states are predicted. In any case, the theoretical
results suggest rich structures in the excited spectrum of the brown muck in
the diquark picture. When the experimental measurements of the charm and
bottom baryons are further performed in future, we will be able to understand
more about the structure of the brown muck.
4.3.2. Hadronic molecule model
In Section 3, we have discussed the spin-complex in the exotic baryon
composed of P¯ (∗)N . Because this model is based on the hadronic molecule
picture, we have obtained the brown muck with the spin-complex structure
of [Nq]0(1+) for the HQS doublet (1/2
−, 3/2−) and [Nq]0(1−) for (1/2+, 3/2+),
where we explicitly denote the isospin I (the strangeness is S = 0). The
mass spectrum of the D¯(∗)N and B(∗)N states with finite charm and bottom
quark masses are obtained and the results are summarized in Table 9.
In order to extract Λ¯ and other matrix elements (λ1, λ2(mc) and λ2(mb))
for P¯ (∗)N , we apply the mass formulae (104)-(107) for those D¯(∗)N and B(∗)N
states. Consequently, we obtain Λ¯, λ1, λ2(mc) and λ2(mb) as summarized
in Table 10. The mass of the spin-complex [Nq]0(1+) is Λ¯ = 1.476 GeV, and
the mass of [Nq]0(1−) is Λ¯ = 1.500 GeV. Thus, there is the mass difference
δΛ¯ = 0.024 GeV between [Nq]0(1+) and [Nq]0(1−). We note again that the
1/mQ expansion works well due to the small values of λ1, λ2(mc) and λ2(mb)
together with the factors 1/2mc and 1/2mb. In Fig. 6, we show the obtained
mass spectrum of the spin-complex [Nq]0(jP ). Their masses are about 600
MeV heavier than the lowest energy state of the diquark [ud]0+ .
The spin-complex with [Nq¯] structure may exist as another component
of the brown muck around this energy region, when P (∗)N components are
considered. In fact, the meson-exchange interaction for P (∗)N may be ob-
tained from that in P¯ (∗)N by the G-parity transformation. If this is the case,
the spectrum of the brown muck with the [ud] configuration will be affected
by the mixing with the [Nq¯] spin-complex, especially around 600 MeV above
the ground state. It is therefore interesting to compare P (∗)N and P¯ (∗)N
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Table 4: The matrix elements Λ¯, λ1, λ2(mc) and λ2(mb) from Eq. (29) for Λc and Λb
baryons with massesMΛc andMΛb obtained in the constituent quark model [44]. j
P is the
total spin and parity of the brown muck [ud], JP is the total spin and parity of the heavy
baryon belonging to the HQS multiplet. δΛ¯ is the excitation energy from the ground state
(0.877 GeV for jP = 1/2+ in this sector). Λ¯ and δΛ¯ are given in units of GeV, and λ1,
λ2(mc) and λ2(mb) are in units of GeV
2.
jP JP MΛc, MΛb Λ¯ δΛ¯ λ1 λ2(mc) λ2(mb)
2.268, 5.612 0.877 0 −0.237 — —
0+ 1/2+
2.791, 6.107 1.361 0.484 −0.338 — —
2.983, 6.338 1.607 0.730 −0.198 — —
3.154, 6.499 1.764 0.887 −0.233 — —
(2.887, 2.887), (6.181, 6.183) 1.429 0.552 −0.412 0.0 0.003
2+ (3/2+, 5/2+) (3.120, 3.125), (6.431, 6.434) 1.685 0.808 −0.360 0.002 0.005
(3.194, 3.194), (6.449, 6.450) 1.681 0.804 −0.554 0.0 0.001
3+ (5/2+, 7/2+) (3.092, 3.128), (6.422, 6.433) 1.682 0.805 −0.339 0.007 0.007
1− (1/2−, 3/2−) (2.625, 2.636), (5.930, 5.941) 1.187 0.310 −0.378 0.005 0.017
2− (3/2−, 5/2−) (2.830, 2.872), (6.191, 6.206) 1.465 0.588 −0.234 0.011 0.014
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Table 5: The matrix elements for Ξc and Ξb based on the result of Ref. [44]. The contained
brown muck is [ns] with n = u or d. The conventions are the same as Table 4.
jP JP MΞc , MΞb Λ¯ δΛ¯ λ1 λ2(mc) λ2(mb)
2.466, 5.806 1.069 0 −0.251
0+ 1/2+
2.924, 6.230 1.480 0.411 −0.373 — —
3.183, 6.547 1.819 0.750 −0.165 — —
—— — — — — —
(3.012, 3.004), (6.311, 6.300) 1.551 0.482 −0.405 −0.002 −0.010
2+ (3/2+, 5/2+) —— — — — — —
—— — — — — —
3+ (5/2+, 7/2+) —— — — — — —
1− (1/2−, 3/2−) (2.773, 2.783), (6.090, 6.093) 1.345 0.276 −0.351 0.004 0.005
2− (3/2−, 5/2−) —— — — — — —
Table 6: The matrix elements for Σc and Σb based on the result of Ref. [44]. The contained
brown muck is (nn). The conventions are the same as Table 4.
jP JP MΣc, MΣb Λ¯ δΛ¯ λ1 λ2(mc) λ2(mb)
0+ 1/2+ 3.062, 6.397 1.658 0.540 −0.269 — —
(2.455, 2.519), (5.833, 5.858) 1.118 0 −0.208 0.027 0.039
1+ (1/2+, 3/2+)
(2.958, 2.995), (6.294, 6.326) 1.577 0.459 −0.278 0.016 0.050
(3.115, 3.116), (6.447, 6.447) 1.701 0.583 −0.283 0.0 0.0
—— — — — — —
2+ (3/2+, 5/2+) (3.095, 3.108), (6.426, 6.429) 1.685 0.567 −0.305 0.003 0.003
3+ (5/2+, 7/2+) (3.003, 3.015), (6.325, 6.333) 1.585 0.467 −0.324 0.002 0.005
1− (1/2−, 3/2−) (2.848, 2.860), (6.200, 6.202) 1.467 0.349 −0.232 0.005 0.003
2− (3/2−, 5/2−) (2.763, 2.790), (6.101, 6.172) 1.416 0.290 −0.164 0.007 0.067
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Table 7: The matrix elements for Ξ′c and Ξ
′
b based on the result of Ref. [44]. The contained
brown muck is (ns) with n = u or d. The conventions are the same as Table 4.
jP JP MΞ′c , MΞ′b Λ¯ δΛ¯ λ1 λ2(mc) λ2(mb)
0+ 1/2+ —— — — — — —
(2.594, 2.649), (5.970, 5.980) 1.242 0 −0.230 0.024 0.016
1+ (1/2+, 3/2+)
(3.136, 3.075), (6.493, 6.376) 1.671 0.429 −0.324 −0.026 −0.184
—— — — — — —
—— — — — — —
2+ (3/2+, 5/2+) —— — — — — —
3+ (5/2+, 7/2+) —— — — — — —
1− (1/2−, 3/2−) —— — — — — —
2− (3/2−, 5/2−) (2.866, 2.895), (6.190, 6.201) 1.450 0.208 −0.348 0.008 0.103
Table 8: The matrix elements for Ωc and Ωb based on the result of Ref. [44]. The contained
brown muck is (ss). The conventions are the same as Table 4.
jP JP MΩc, MΩb Λ¯ δΛ¯ λ1 λ2(mc) λ2(mb)
0+ 1/2+ 3.234, 6.511 1.801 0.443 −0.334 — —
(2.718, 2.776), (6.081, 6.102) 1.358 0 −0.257 0.025 0.033
1+ (1/2+, 3/2+)
(3.152, 3.190), (6.472, 6.478) 1.723 0.365 −0.400 0.016 0.009
(3.275, 3.280), (6.593, 6.593) 1.847 0.489 −0.342 0.002 0.0
(3.299, 3.321), (6.648, 6.654) 1.915 0.557 −0.257 0.010 0.009
2+ (3/2+, 5/2+) (3.262, 3.273), (6.576, 6.578) 1.829 0.471 −0.364 0.003 0.002
3+ (5/2+, 7/2+) —— — — — — —
1− (1/2−, 3/2−) (3.046, 3.056), (6.388, 6.390) 1.651 0.293 −0.263 0.004 0.003
2− (3/2−, 5/2−) (2.986, 3.014), (6.304, 6.311) 1.558 0.200 −0.375 0.007 0.007
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Table 9: Masses of HQS doublets (1/2−, 3/2−) and (1/2+, 3/2+) for D¯(∗)N and B(∗)N with
the piρω potential from Ref. [30]. The values are given in GeV.
D¯(∗)N B(∗)N
(1/2−, 3/2−) (2.805, 2.920) (6.196, 6.226)
(1/2+, 3/2+) (2.834, 2.955) (6.225, 6.251)
Table 10: The matrix elements Λ¯, λ1, λ2(mc) and λ2(mb) of exotic baryons which con-
tain the spin-complex (SC) [Nq]I(jP ) with isospin I, total spin and parity j
P . The piρω
potential is used. δΛ¯ is the difference of Λ¯ from the ground state [Nq]0(1+). Λ¯ and δΛ¯ are
given in units of GeV, and λ1, λ2(mc) and λ2(mb) are in units of GeV
2.
SC baryons (JP ) Λ¯ δΛ¯ λ1 λ2(mc), λ2(mb)
[Nq]0(1+) P¯
(∗)N (1/2−, 3/2−) 1.476 0 −0.272 0.0500, 0.0469
[Nq]0(1−) P¯
(∗)N (1/2+, 3/2+) 1.500 0.024 −0.296 0.0526, 0.0408
states and to complete the experimental measurements of the heavy baryons
in this energy region, which will provide the information on the structure
of the brown muck through the comparison with the spectrum of the brown
muck in the diquark picture in Fig. 6.
5. Summary
We have discussed the decoupling of the heavy-quark spin from the to-
tal spin of the light components in the multi-hadrons composed of a heavy
hadron and surrounding light hadrons in the heavy quark limit. In those
systems, the HQS plays an important role for the classification of the spec-
trum and the structure of the heavy multi-hadrons. We have introduced the
spin-complex for the state composed of the light quarks and gluons together
with the light hadrons in a heavy hadron. The spin-complex is one of the
configurations of the brown muck which is defined as everything except for
the heavy-quark spin in the multi-hadrons. The decoupling of the heavy-
quark spin and the total spin j of the spin-complex induces the HQS doublet
(j − 1/2, j + 1/2) for j 6= 0 with degenerate masses and the HQS singlet for
j = 0.
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We have studied the consequences of this general statement by examining
the exotic baryon system made of a heavy meson and a nucleon. Various
meson-baryon states are classified in terms of the spin-complex basis, by
which the structure of the hadrons in the heavy quark limit is investigated.
Employing a meson-exchange potential for the interaction of the heavy meson
and the nucleon, we have found that the Hamiltonian of the system is block-
diagonalized in the spin-complex basis and the eigenvalues become the same
for the j ± 1/2 sectors containing the same spin-complex. Thus, the spin
degeneracy indeed occurs, when the interaction is constructed by respecting
the HQS. Moreover, the wave function of the bound state exhibits the mixing
ratios of the meson-baryon components obtained from the group theoretical
argument. From these results, we conclude that the HQS is a useful guiding
principle to study the structure of the multi-hadron systems.
We have also studied the excitations of the brown muck. The mass of
the brown muck is defined as the the leading order contribution of the mass
formula of the heavy hadrons in the 1/mQ expansion. This can be evaluated
from the masses of the charm and bottom hadrons in the same HQS multiplet.
We use the experimental spectrum of the heavy baryons and obtain the
masses of the brown muck in several channels. Theoretical predictions in the
constituent quark model and the hadronic molecule model are also used to
calculate the excitation spectrum of the brown muck. It is found that the
ground states of the brown muck are dominated by the diquark configuration
for ordinary baryons with three valence quarks, while the mixing with the
spin-complex component may become important in the excited states. The
spectroscopy of excited baryons in future experiments will be helpful to pin
down the structure of the brown muck, through the comparison with the
brown muck spectrum in the quark model.
The spectroscopy of the brown muck is intimately related with the di-
quarks in the heavy baryons. The spin-complex will be also an interesting
object in the quark-gluon plasma and the quark matter in the deconfinement
phase, when there exist several color non-singlet structures. In fact, there
have been discussions that light diquarks may survive around the critical
temperature in the quark-gluon plasma [11, 12, 13, 14], and diquarks may
also exist in the color superconductivity [15, 16]. Those studies will be per-
formed in J-PARC and GSI-FIAR as well as the BNL-RHIC and CERN-LHC
and so on.
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Appendix A. The piρω exchange potential
We consider the potential model including π, ρ , and ω exchanges to
demonstrate the spin degeneracy occurs in the exotic hadrons. Here we
consider the P¯ (∗)N systems with several JP .
The interaction Lagrangian of heavy mesons and light vector mesons v
(v = ρ , ω) respecting HQS is given at the leading order by
LvHH = −iβTr[Hbvµ(ρµ)baH¯a] + iλTr[Hbσµν(Fµν(ρ))baH¯a]. (A.1)
The vector meson field is defined by ρµ = igV ρˆµ/
√
2 and ρˆµ is given as
ρˆµ =
(
ρ0√
2
+ ω√
2
ρ+
ρ− − ρ0√
2
+ ω√
2
)
µ
, (A.2)
where gV ≃ 5.8 is the universal vector meson coupling. The vector meson
field tensor is given by Fµν(ρ) = ∂µρν−∂νρµ+[ρµ, ρν ]. The coupling constants
are given as β = 0.9, λ = 0.56 following Ref. [39]. We use the vNN vertex
from
LvNN = gωNN
[
N¯γµω
µN +
κω
2mN
N¯σµνN∂
νωµ
]
+ gρNN
[
N¯γµ~τN · ~ρµN + κρ
2mN
N¯σµν~τNN · ∂ν~ρµ
]
(A.3)
where g2ρNN/4π = 0.84, g
2
ωNN/4π = 20.0, κρ = 6.1 and κω = 0.0 [40] (see also
Ref. [41]).
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The one-boson exchange potentials derived from the vertices of the effec-
tive Lagrangians are given as
V v1/2− =

 C ′v 2
√
3Cv
√
6Tv
2
√
3Cv C
′
v − 4Cv
√
2Tv√
6Tv
√
2Tv C
′
v + 2Cv + 2Tv

 , (A.4)
V v3/2− =


C ′v −
√
3Tv
√
3Tv 2
√
3Cv
−√3Tv C ′v + 2Cv −2Tv −Tv√
3Tv −2Tv C ′v + 2Cv Tv
2
√
3Cv −Tv Tv C ′v − 4Cv

 , (A.5)
for the 1/2− and 3/2− states, where C ′v, Cv and Tv are defined as
C ′ρ =
gV gρNNβ√
2m2ρ
C(r;mρ)~τP ·~τN , (A.6)
Cρ =
gV gρNNλ(1 + κρ)√
2mN
1
3
C(r;mρ)~τP ·~τN , (A.7)
Tρ =
gV gρNNλ(1 + κρ)√
2mN
1
3
T (r;mρ)~τP ·~τN , (A.8)
C ′ω =
gV gωNNβ√
2m2ω
C(r;mω), (A.9)
Cω =
gV gωNNλ(1 + κω)√
2mN
1
3
C(r;mω), (A.10)
Tω =
gV gωNNλ(1 + κω)√
2mN
1
3
T (r;mω). (A.11)
The total Hamiltonian for the P¯ (∗)N states is given by combining with the
kinetic term and the pion exchange potential as
HJP = KJP + V
π
JP +
∑
v=ρ, ω
V vJP . (A.12)
The particle basis and the spin-complex basis are related by unitary matrix
UJP in Eqs. (37) and (39). Then, the Hamiltonians HJP are transformed as,
HSC1/2− = U
−1
1/2−H1/2−U1/2−
=
(
H
SC(0+)
1/2− 0
0 H
SC(1+)
1/2−
)
(A.13)
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with
H
SC(0+)
1/2− = K0−3C¯ + C ′v, (A.14)
H
SC(1+)
1/2− =
(
K0+C¯ + C
′
v − 2T¯ −2
√
2 T¯
−2√2 T¯ K2+C¯ + C ′v−2 T¯
)
, (A.15)
for 1/2−, where we define
C¯ = C + 2Cv, T¯ = T − Tv. (A.16)
In the same way, the 3/2− channel is decomposed as
HSC3/2− = U
−1
3/2−H3/2−U3/2−
=
(
H
SC(1+)
3/2− 0
0 H
SC(2+)
3/2−
)
, (A.17)
with
H
SC(1+)
3/2− =
(
K0+C¯ + C
′
v 2
√
2T¯
2
√
2T¯ K2+C¯ + C
′
v−2 T¯
)
, (A.18)
H
SC(2+)
3/2− =
(
K2−3 C¯ + C ′v 0
0 K2+C¯ + C
′
v+2T¯
)
. (A.19)
Thus we obtain the block-diagonal forms with the spin-complex basis in the
same way with the one-pion-exchange potential.
Similarly, the block-diagonal forms for various quantum numbers are de-
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rived. The one vector meson exchange potentials are as follows:
V v5/2− =


C ′v 2
√
3Cv −
√
6
7
Tv
6√
7
Tv
2
√
3Cv C
′
v − 4Cv −
√
2
7
Tv 2
√
3
7
Tv
−
√
6
7
Tv −
√
2
7
Tv C
′
v + (2Cv − 107 Tv) −47
√
6Tv
6√
7
Tv 2
√
3
7
Tv −47
√
6Tv C
′
v + (2Cv +
10
7
Tv)


,
(A.20)
V v7/2− =


C ′v −3
√
3
7
Tv 2
√
3Cv
√
15
7
Tv
−3
√
3
7
Tv C
′
v + (2Cv +
4
7
Tv) − 3√7Tv −67
√
5Tv
2
√
3Cv − 3√7Tv C ′v − 4Cv
√
5
7
Tv√
15
7
Tv −67
√
5Tv
√
5
7
Tv C
′
v + (2Cv − 47Tv)


,
(A.21)
V v1/2+ =

 C ′v 2
√
3Cv
√
6Tv
2
√
3Cv C
′
v − 4CV
√
2Tv√
6Tv
√
2Tv C
′
v + (2Cv + 2Tv)

 , (A.22)
V v3/2+ =


C ′v 2
√
3Cv −
√
3
5
Tv 3
√
3
5
Tv
2
√
3Cv C
′
v − 4Cv − 1√5Tv 3√5Tv
−
√
3
5
Tv − 1√5Tv C ′v + (2Cv − 85Tv) −65Tv
3
√
3
5
Tv
3√
5
Tv −65Tv C ′v + (2Cv + 85Tv)

 ,
(A.23)
V v5/2+ =


C ′v −35
√
10Tv 2
√
3Cv 2
√
3
5
Tv
−3
5
√
10Tv C
′
v + (2Cv +
2
5
Tv) −
√
6
5
Tv −45
√
6Tv
2
√
3Cv −
√
6
5
Tv C
′
v − 4Cv 2√5Tv
2
√
3
5
Tv −45
√
6Tv
2√
5
Tv C
′
v + (2Cv − 25Tv)


,
(A.24)
V v7/2+ =


C ′v 2
√
3Cv −Tv
√
5Tv
2
√
3Cv C
′
v − 4Cv − 1√3Tv
√
5
3
Tv
−Tv − 1√3Tv C ′v + (2Cv − 43Tv) −23
√
5Tv√
5Tv
√
5
3
Tv −23
√
5Tv C
′
v + (2Cv +
4
3
Tv)

 .
(A.25)52
Utilizing the unitary matrix UJP in Eqs. (41), (43), (45), (47), (49) and
(51), we obtain the Hamiltonians of the πρω potential in the spin-complex
basis. The results for negative parity are
HSC5/2− = U
−1
5/2−H5/2−U5/2−
=
(
H
SC(2+)
5/2− 0
0 H
SC(3+)
5/2−
)
, (A.26)
with
H
SC(2+)
5/2− =
(
K2 − 3C¯ + C ′v 0
0 K2 + C¯ + 2T¯ + C
′
v
)
, (A.27)
H
SC(3+)
5/2− =
(
K2 + C¯ − 47 T¯ + C ′v 12
√
3
7
T¯
12
√
3
7
T¯ K4 + C¯ − 107 T¯ + C ′v
)
, (A.28)
for 5/2+ and
HSC7/2− = U
−1
7/2−H7/2−U7/2−
=
(
H
SC(3+)
7/2− 0
0 H
SC(4+)
7/2−
)
, (A.29)
with
H
SC(3+)
7/2− =
(
K2 + C¯ − 47 T¯ + C ′v 12
√
3
7
T¯
12
√
3
7
T¯ K4 + C¯ − 107 T¯ + C ′v
)
, (A.30)
H
SC(4+)
7/2− =
(
K4 − 3C¯ + C ′v 0
0 K4 + C¯ + 2T¯ + C
′
v
)
, (A.31)
for 7/2−. The results for positive parity are
HSC1/2+ = U
−1
1/2+H1/2+U1/2+
=
(
H
SC(0−)
1/2+ 0
0 H
SC(1−)
1/2+
)
, (A.32)
with
H
SC(0−)
1/2+ = K1 + C¯ − 4T¯ + C ′v, (A.33)
H
SC(1−)
1/2+ =
(
K1 − 3C¯ + C ′v 0
0 K1 + C¯ + 2T¯ + C
′
v
)
, (A.34)
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for 1/2+,
HSC3/2+ = U
−1
3/2+H3/2+U3/2+
=
(
H
SC(1−)
3/2+ 0
0 H
SC(2−)
3/2+
)
, (A.35)
with
H
SC(1−)
3/2+ =
(
K1 − 3C¯ + C ′v 0
0 K1 + C¯ + 2T¯ + C
′
v
)
, (A.36)
H
SC(2−)
3/2+ =
(
K1 + C¯ − 25 T¯ + C ′v 6
√
6
5
T¯
6
√
6
5
T¯ K3 + C¯ − 85 T¯ + C ′v
)
, (A.37)
for 3/2+,
HSC5/2+ = U
−1
5/2+H5/2+U5/2+
=
(
H
SC(2−)
5/2+ 0
0 H
SC(3−)
5/2+
)
, (A.38)
with
H
SC(2−)
5/2+ =
(
K1 + C¯ − 25 T¯ + C ′v 6
√
6
5
T¯
6
√
6
5
T¯ K3 + C¯ − 85 T¯ + C ′v
)
, (A.39)
H
SC(3−)
5/2+ =
(
K3 − 3C¯ + C ′v 0
0 K3 + C¯ + 2T¯ + C
′
v
)
, (A.40)
for 5/2+, and
HSC7/2+ = U
−1
7/2+H7/2+U7/2+
=
(
H
SC(3−)
7/2+ 0
0 H
SC(4−)
7/2+
)
, (A.41)
with
H
SC(3−)
7/2+ =
(
K3 − 3C¯ + C ′v 0
0 K3 + C¯ + 2T¯ + C
′
v
)
, (A.42)
H
SC(4−)
7/2+ =
(
K3 + C¯ − 23 T¯ + C ′v 4
√
5
3
T¯
4
√
5
3
T¯ K5 + C¯ − 43 T¯ + C ′v
)
, (A.43)
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for 7/2+. In these potentials, C¯, T¯ , and C ′v represent the modification by
the vector meson exchange potential, which appear in many components.
Nevertheless, the relation (102) still holds.
Appendix B. SU(8) Weinberg-Tomozawa interaction
Here we study the results of the SU(8) Weinberg-Tomozawa model for
the P (∗)N and P¯ (∗)N channels in Refs. [45, 46, 47] from the viewpoint of
the spin-complex basis. The coupled-channel s-wave meson-baryon scatter-
ing amplitude has been studied in the charmed baryon sector [45], in the
exotic charmed baryon sector [46], and in the bottom sector [47]. In the
hadronic molecule picture, the dynamically generated states in these calcu-
lations should contain the spin-complex with [Nq¯] and [Nq] configurations.
Because this model encodes the HQS as a part of SU(8), it is illustrative to
see how the spin symmetry emerges in the results of the charm and bottom
sector.
The model describes the scattering amplitude TJ for spin J as
TJ(
√
s) = [1− VJ(
√
s)GJ(
√
s)]−1VJ(
√
s), (B.1)
where GJ(
√
s) is the two-body loop function and
√
s is the total energy of
the system. The interaction kernel VJ(
√
s) is given by
VJ,ab(
√
s) = DJ,ab
2
√
s−Ma −Mb
4fafb
√
Ea +Ma
2Ma
√
Eb +Mb
2Mb
, (B.2)
where Ma, Ea, fa are the baryon mass, the energy of the baryon, and the
meson decay constant in channel a, respectively, and we have suppressed
the flavor indices. The coupling strength DJ,ab is determined by the group
theoretical argument, and explicit numbers are tabulated in Refs. [45, 46].
Let us consider this model for the P (∗)N (non-exotic) system and the
P¯ (∗)N (exotic) system in the heavy quark limit. In the exotic sector, the
P¯ (∗)N channels are the lowest energy channels, while the P (∗)N system in
the non-exotic sector has in general open channels at lower energy, such as
πΣQ and πΛQ. However, the transition to these open channels requires the
heavy flavor exchange, which is suppressed by 1/mQ in comparison with the
light flavor exchange processes. Thus, the P (∗)N and P¯ (∗)N systems can be
regarded as isolated systems in the heavy quark limit. In this case, the baryon
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in the scattering is always the nucleon and the HQS requires fP = fP ∗ ≡ f
in the present convention, so Eq. (B.2) reduces to
VJ,ab(
√
s) = DJ,ab
√
s−MN
2f 2
EN +MN
2MN
≡ DJ,abα(
√
s). (B.3)
This shows that the dependence on the spin and channel is included in DJ,ab
exclusively, which is decoupled from the energy dependence of the interaction
in α(
√
s). In the heavy quark limit, the loop functions for PN and P ∗N are
identical and do not depend on the spin, namely, G1/2 = diag(G,G) and
G3/2 = G.
In the following, we concentrate on the isoscalar channel. The explicit
forms of the DJ,ab matrices for the non-exotic P
(∗)N channel are [45]
DP
(∗)N
1/2 =
( −3 −√27
−√27 −9
)
, (B.4)
DP
(∗)N
3/2 =0, (B.5)
where the J = 3/2 channel only has the P ∗N component. Corresponding
couplings for the exotic P¯ (∗)N sector are [46]
DP¯
(∗)N
1/2 =
(
0 −√12
−√12 4
)
, (B.6)
DP¯
(∗)N
3/2 =− 2. (B.7)
We now introduce the spin-complex basis for this system. Noting that the
basis for the non-exotic channels is given by |NQq¯ 〉, we obtain the basis
transformation matrix for the non-exotic system as
 ∣∣PN(2S1/2) 〉∣∣P ∗N(2S1/2) 〉

 =UP (∗)N1/2


∣∣∣ [Nq¯](0,S)0− Q〉
1/2−∣∣∣ [Nq¯](1,S)1− Q〉
1/2−

 , UP (∗)N1/2 =
(
1
2
√
3
2√
3
2
−1
2
)
.
(B.8)
The transformation matrix for the exotic system is identical with the s-wave
part of Eq. (38):
 ∣∣ P¯N(2S1/2) 〉∣∣ P¯ ∗N(2S1/2) 〉

 =U P¯ (∗)N1/2


∣∣∣ [Nq](0,S)0+ Q¯〉
1/2−∣∣∣ [Nq](0,S)1+ Q¯〉
1/2−

 , U P¯ (∗)N1/2 =
(
−1
2
√
3
2√
3
2
1
2
)
.
(B.9)
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Using these matrices, we have the interaction kernel in the spin-complex basis
as
V P
(∗)N,SC
1/2 =(U
P (∗)N
1/2 )
−1
( −3α −√27α
−√27α −9α
)
UP
(∗)N
1/2 =
(−12α 0
0 0
)
, (B.10)
V P
(∗)N,SC
3/2 =0, (B.11)
for the non-exotic system and
V P¯
(∗)N,SC
1/2 =(U
P¯ (∗)N
1/2 )
−1
(
0 −√12α
−√12α 4α
)
U P¯
(∗)N
1/2 =
(
6α 0
0 −2α
)
, (B.12)
V P¯
(∗)N,SC
3/2 =− 2α, (B.13)
for the exotic system. In the spin-complex basis, the interaction kernel is
diagonalized. Because the loop function is proportional to the unit matrix,
the original coupled-channel problem reduces to the product of single-channel
problems in the spin-complex basis with mQ →∞.
Possible bound or resonance state is expressed by the pole of the scat-
tering amplitude. The pole condition is given by 1 − V G = 0. Because the
positive (negative) sign of V represents the repulsive (attractive) interaction,
the pole conditions are summarized as
1 + 12αG =0 (1/2−, P (∗)N) (B.14)
1 + 2αG =0 (1/2−, P¯ (∗)N) (B.15)
1 + 2αG =0 (3/2−, P¯ (∗)N). (B.16)
The existence of the bound state depends on the finite part of the loop
function G, but it is shown that one bound state exist for the attractive
interaction in the limit of large meson mass [49, 50] under the natural renor-
malization scheme [48]. The above equations indicate that the ground state
is the HQS singlet in the non-exotic channel (
∣∣∣ [Nq¯](0,S)0− Q〉), and the HQS
doublet state in the exotic channel (
∣∣∣ [Nq](0,S)1+ Q¯〉
1/2−
,
∣∣∣ [Nq](0,S)1+ Q¯〉
3/2−
).
Using the wave function of the spin-complex basis, we can extract the
ratio of the PN/P ∗N component as in Section 3.1.3. The wave function of
the HQS singlet in the non-exotic sector is
∣∣ 0− 〉
1/2−
=
1
2
|PN 〉+
√
3
2
|P ∗N 〉 (B.17)
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Table B.11: Ratios of the coupling strengths of the ground states found in Refs. [45, 46, 47]
in comparison with the values in the heavy quark limit.
Non-exotic system Exotic system
Sector State |gPN/gP ∗N | State |gP¯N/gP¯ ∗N |
mQ →∞ 1/2−, singlet 1/
√
3 ∼ 0.58 1/2−, doublet √3 ∼ 1.73
Bottom [47] 5797.6 MeV 4.9/8.3 ∼ 0.59
Charm [45, 46] 2595.4 MeV 3.69/5.70 ∼ 0.65 2805.0 MeV 1.5/1.4 ∼ 1.07
and the 1/2− part of the HQS doublet is
∣∣ 1+ 〉
1/2−
=
√
3
2
|PN 〉+ 1
2
|P ∗N 〉 . (B.18)
The mixing ratio of the wave function is reflected in the coupling strength
ga obtained from the residue of the pole. The HQS implies that the ratios of
the coupling strengths should be∣∣∣∣ gPNgP ∗N
∣∣∣∣ = 1√3 (1/2−, P (∗)N) (B.19)∣∣∣∣ gP¯NgP¯ ∗N
∣∣∣∣ =√3 (1/2−, P¯ (∗)N) (B.20)
in the heavy quark limit. In Table B.11 we show the ratios of the coupling
strengths of the ground states in Refs. [45, 46, 47] together with the values
in the heavy quark limit. We see that the actual coupled-channel calculation
with finite mQ provides the coupling strengths similar to the values indicated
by the HQS. In addition, the ratio of the coupling constants approaches the
value in the heavy quark limit as the quark mass is increased from charm to
bottom. In this way, the spin-complex basis provides a new insight into the
calculations in the charm and bottom sectors.
References
[1] E. S. Swanson, Phys. Rept. 429 (2006) 243.
58
[2] N. Brambilla, S. Eidelman, B. K. Heltsley, R. Vogt, G. T. Bodwin,
E. Eichten, A. D. Frawley and A. B. Meyer et al., Eur. Phys. J. C 71
(2011) 1534.
[3] N. Isgur and M. B. Wise, Phys. Lett. B 232 (1989) 113.
[4] N. Isgur and M. B. Wise, Phys. Lett. B 237 (1990) 527.
[5] N. Isgur and M. B. Wise, Phys. Rev. Lett. 66 (1991) 1130.
[6] J. L. Rosner, Comments Nucl. Part. Phys. 16 (1986) 109.
[7] E. J. Eichten, C. T. Hill and C. Quigg, Phys. Rev. Lett. 71 (1993) 4116.
[8] M. Neubert, Phys. Rept. 245 (1994) 259.
[9] A. V. Manohar and M. B. Wise, Camb. Monogr. Part. Phys. Nucl. Phys.
Cosmol. 10 (2000) 1.
[10] J. Beringer et al. (Particle Data Group), Phys. Rev. D 86 (2012) 010001.
[11] E. V. Shuryak and I. Zahed, Phys. Rev. C 70 (2004) 021901.
[12] E. V. Shuryak and I. Zahed, Phys. Rev. D 70 (2004) 054507.
[13] S. H. Lee, K. Ohnishi, S. Yasui, I. -K. Yoo and C. -M. Ko, Phys. Rev.
Lett. 100 (2008) 222301.
[14] Y. Oh, C. M. Ko, S. H. Lee and S. Yasui, Phys. Rev. C 79 (2009) 044905.
[15] M. G. Alford, A. Schmitt, K. Rajagopal and T. Scha¨fer, Rev. Mod.
Phys. 80 (2008) 1455.
[16] K. Fukushima and T. Hatsuda, Rept. Prog. Phys. 74 (2011) 014001.
[17] W. A. Bardeen, E. J. Eichten and C. T. Hill, Phys. Rev. D 68 (2003)
054024.
[18] R. Aaij et al. (LHCb Collaboration), Phys. Rev. Lett. 109 (2012) 172003.
[19] A. E. Bondar, A. Garmash, A. I. Milstein, R. Mizuk and M. B. Voloshin,
Phys. Rev. D 84 (2011) 054010.
[20] M. B. Voloshin, Phys. Rev. D 84 (2011) 031502.
59
[21] S. Ohkoda, Y. Yamaguchi, S. Yasui, K. Sudoh and A. Hosaka, Phys.
Rev. D 86 (2012) 014004.
[22] S. Ohkoda, Y. Yamaguchi, S. Yasui and A. Hosaka, Phys. Rev. D 86
(2012) 117502.
[23] S. Yasui, K. Sudoh, Y. Yamaguchi, S. Ohkoda, A. Hosaka and T. Hyodo,
Phys. Lett. B 727 (2013) 185.
[24] Y. Yamaguchi, S. Yasui and A. Hosaka, arXiv:1309.4324 [nucl-th].
[25] T. Hyodo, Int. J. Mod. Phys. A 28 (2013) 1330045.
[26] H. J. Lipkin, Phys. Lett. B 195 (1987) 484 .
[27] R. Jaffe, Phys. Rev. D 72 (2005) 074508.
[28] S. Yasui and K. Sudoh, Phys. Rev. D 80 (2009) 034008.
[29] Y. Yamaguchi, S. Ohkoda, S. Yasui and A. Hosaka, Phys. Rev. D 84
(2011) 014032.
[30] Y. Yamaguchi, S. Ohkoda, S. Yasui and A. Hosaka, Phys. Rev. D 85
(2012) 054003.
[31] Y. Yamaguchi, S. Ohkoda, S. Yasui and A. Hosaka, Phys. Rev. D 87
(2013) 074019.
[32] T. Mizutani and A. Ramos, Phys. Rev. C 74 (2006) 065201.
[33] S. Yasui and K. Sudoh, Phys. Rev. C 87 (2013) 015202.
[34] S. Yasui and K. Sudoh, Phys. Rev. C 88 (2013) 015201.
[35] I. I. Y. Bigi, M. A. Shifman, N. G. Uraltsev and A. I. Vainshtein, Phys.
Rev. D 52 (1995) 196.
[36] I. I. Y. Bigi, M. A. Shifman and N. Uraltsev, Ann. Rev. Nucl. Part. Sci.
47 (1997) 591.
[37] M. Neubert, Phys. Lett. B 322 (1994) 419.
[38] S. Yasui and K. Sudoh, Phys. Rev. C 89 (2014) 015201.
60
[39] R. Casalbuoni, A. Deandrea, N. Di Bartolomeo, R. Gatto, F. Feruglio
and G. Nardulli, Phys. Rept. 281 (1997) 145.
[40] R. Machleidt, Phys. Rev. C 63 (2001) 024001.
[41] R. Machleidt, K. Holinde and C. Elster, Phys. Rept. 149 (1987) 1.
[42] L. A. Copley, N. Isgur and G. Karl, Phys. Rev. D 20 (1979) 768,
[Erratum-ibid. D 23 (1981) 817].
[43] S. Capstick and N. Isgur, Phys. Rev. D 34 (1986) 2809.
[44] W. Roberts and M. Pervin, Int. J. Mod. Phys. A 23 (2008) 2817.
[45] C. Garcia-Recio, V. K. Magas, T. Mizutani, J. Nieves, A. Ramos,
L. L. Salcedo and L. Tolos, Phys. Rev. D 79 (2009) 054004.
[46] D. Gamermann, C. Garcia-Recio, J. Nieves, L. L. Salcedo and L. Tolos,
Phys. Rev. D 81 (2010) 094016.
[47] C. Garcia-Recio, J. Nieves, O. Romanets, L. L. Salcedo and L. Tolos,
Phys. Rev. D 87 (2013) 034032.
[48] T. Hyodo, D. Jido and A. Hosaka, Phys. Rev. C 78 (2008) 025203.
[49] T. Hyodo, D. Jido and A. Hosaka, Phys. Rev. Lett. 97 (2006) 192002.
[50] T. Hyodo, D. Jido and A. Hosaka, Phys. Rev. D 75 (2007) 034002.
61
!!!!!!" !" 
!!#$" #$ 
" !" 
!!!!!!" #" 
%&" 
#%" 
'()* 
+,-./0 +12./0 3445/0 3125/0 3225/0 +61."3/05 
61 11 
" 
7"" 
%""" 
+89:. 
Figure 3: The mass spectrum of the brown muck extrapolated from the experimental data
of the charm and bottom baryons. The masses are measured from the ground state with
S, I(jP) = 0, 0(0+). See also Table 3.
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Figure 4: Comparison of the mass spectrum of the charm baryons in the constituent quark model (CQM) [44] (left) and the
experimental data [10] (right). The masses are given in units of MeV. JP with half-integer J is the total spin and parity of
the baryon in Ref. [44], and jP (P = P ) with integer j is the total spin and parity of the brown muck identified in Ref. [44].
We use the square and round brackets as [jP ] and (jP) to indicate the flavor antitriplet and sextet states, respectively.
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Figure 5: Comparison of the mass spectrum of the bottom baryons in the constituent quark model (CQM) [44] (left) and the
experimental data [10] (right) The conventions are the same as Fig. 4.
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Figure 6: The mass spectrum of the brown muck extrapolated from the prediction of the
constituent quark model [44] and the boson exchange potential model [28, 29, 30]. The
numbers in left of the bars are the excitation energy measured from the ground state of
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